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Proposition (45)

Suppose that (M, 1) and(N, o) are homeomorphic spaces, if (M, t)is T, space,
then (N, o) is T,_space.

Proof.

Let f:(M,7) » (N,0) be Home and if u# v € M, then f(u),f (v) € Nand
f = f ().

Since ((M,t)is T, space, we get 3 H ,D are two disjoint open sets of
(M,7)such that f (u) € H, f (v) € D.

But, u € f1(H), ve fA(D)and fX(H) N f~'(D) = f~X(H N D) = f(p) =
@. Hence (N, o) is T, spacec. m

Theorem (46)

Every compact and T,,_space is regular.

Proof.

Let (M, t)be compact T, space, let x € M and F be subset of M, 3 x & F. Since
(M, 1) is Np_compact. we get F is compact. There four 3 H, D are two open sets
Sx€HandF<SD,HNnD =@. Then (M, )is regular. m

Definition (47)
The (M, t)is T5_space if M is regular and T, _space.




Corollary (48)

Every compact and T, _space is T;_space.

Proof.
Since T, _space is T;_space , by theorem (46). Every compact and T,,_space is
regular. We have (M, 7) is T;_space. =

Proposition (49)

Every T; space is T,_space.

Proof.

Let (M, 7)be T5_space (regular and T;_space) and x,y € M,x # y.

Since (M, 7)is T,_space, then {x}, {y} is closed sets such that x & {y}.

Since (M, t)isregular, then3H,D et, HND =0,(x e HA{y} S D)»x€H
Ay € D.Then (M, 1)is T, space.m

Theorem (50)

A compact and T,,_space is normal.
Proof.

Suppose that (M, t) is compact T, space and if, H,D < M are disjoint closed sets,

became H, D are compact sets in M.

Let x € H be arbitrary and H N D = @, then x € D. By T, space, 3 disjoint open
setsZ,,l€e t3x€Z,DCcr.

The family {Z,:x € H}, so{Z,:i=12,..,n}. Then H<S U]_,Z,, we get
HcZ- UlZ, =Z. Furthermore, D € [; for 1 <i <mn,thenD S Ni_,I; , we
getD S 1- N ;=1

Since ;NYZ, =@ forl <i<n,

Z, N =Z, n(NL)=0forl<r<n, INZ=1InN (U?zlzxi) =0



So,H< Z,D <1.Then (M, 1) is normal. m

Definition (51)
The (M, 1) is T,_space if (M, ) is normal and T, _space.
Corollary (52)

Every compact and T, _space is T,_space.

Proof.

Since T, _space is T;_space , by theorem above Every compact and T,_space is
normal. We have (M, t) is T, space. m

Theorem (53)

Every T, _space is T5_space.

Proof.

If (M, t)is T,_space (Np_normal and T;_space) and let x +y € M.

Since (M, 1)is T,_space — {x}and {y}is closed sets — x & {y}, vy & {x} and
(M,t)is normal -3 H,Detr, HND=0,{x}S H A{y}SD)» x€ H
A{y} € D, that is the condition of the regular.

Then (M, t) is T;_space. m

Remark (54)

Every regular and compact space is_normal.

By adding some conditions to the function, we get the following theorems.

Theorem (55)

Let f: (M,t) » (N,c) be a bijective P_open map and X is T, _spaces, then Y is

Tpi_spaces, where i =0,1,2.

Proof. We prove the case i =2.



Let v,,u, betwo pointsin Y and v, # u,. Since f is bijective , then 3¢, u, €
Xand f(v,) = v,,f(;) =u,. But, X is T, spaces, then 3two disjoint
opensets H,D € X ,whenerver v; € H,«, € D. Then{(H ),f (D) are P_open
sets inY (because every P_open is semipO., and f is P_open), we get v, €
fH),u, ef(D)andf(H) N f(D) = @. HenceYis Tp,- Space. m

Theorem (56)
Letf: (M,7) » (N,o) be injective Conp, map and Y is T;_space.

Then Xis Tp;_ spaces, where i =0,1,2.

Proof. We prove the case i =1.

Since Y is T;_ spaces and v,« of X 3 v #w , there exist two disjoint
P_opensetsH,D € Y such that f(v) € H,f(«) € D,f(v) # f(u). Since f is
P_continuous, then {~!(H) and (D) are P_opensets of X, we getw €
71 (H),« € 71 (D). Hence Xis Tp;- Space. m

Theorem (57)

If §: (M,7) - (N, o) isinjective Conp map and Y is Tp;_spaces, then X is
Tpi_spaces, where i=0,1,2.

Proof.

We prove the case i =2.

Suppose that 1+, « of X and v # 4. Since { is one to one, then f(v) # f(«) in Y.
But Y is Tp, space, then 3 two disjoint P_open sets H, D € Y, whenever,f(v) €
H,f(«) € D.Then {1 (H),{ ! (D) are P_open,we getv € {71 (H),« € {1 (D)
and f~ (H) n{~ (D) = @.

Then X is Tp,_space. m



