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Separation axioms that can be moved and raised by adding some conditions to the
maps.

Theorem (39)

If ((N, o) isaT;_space. Let f: (M,t) = (N, o) be an injective Con map, then
(M,t)is T; space. Where i=0,1,2

Proof.

We prove that i=0

Let u+v eM then f(u)# f (v) in (N,o)(because f is a injective). Since
(N,o)is a T,_space, then 3 H is open set of (N, g)such that f(u) € Hand f (v) &
H.

Since f is a Con, therefore f~1(H) is a open set in (M, T) containing u but not v,
u€ f1(H),ve f1(H). Hence (M,7)isa T,_space.

in the some way prove i=1,2m

Proposition(40)

Let f: (M,7) - (N,o0)be surjective OM and if(M, t) isaT;_space, then (N, o)is a

T; space, wherei = 0,1,2.

Proof.

To prove thati =1

Assume that w#v €N .Since f is a surjective, Then Ju#*veEM 3 u =
f&v=fw)and f(u) # f (v).

We get 3 H, D are two open sets of (M,t)suchthatu e HAveé Handu & D A
v € D (because (M, t) is a T,_space).

Hence f(u) € f(H), f (v) € f (D),since f is a OM, hence f (u), f (v) are open
sets of (N,o)>3 u€ f(H),but v¢& f(D)and v € f(D) but u¢& f (H). Then

(N,o) isaT,;_space.



In the some way prove i=0,2. m
Theorem (41)

Every compact subset of T, space is a closed.

Proof.

Let (M,t) be T, space , F be_compact subset of M and letp € E =M — F,Vx €
F. Then 3 disjoint open subsets H,,D, containing xand p respectively. F =
Uyer{x} € U,ecrH, ,there four {H,} x € F is open cover of F , but F is compact.
Then 3 xq,..,x,, FESUH, UH,, ..UH, =H and D =D, ND,, ..ND,
,Disopensuchthatp € D, D NF = @ if not.

let teDNF—->t€D At€EF. Then t€D,;,Vi=12,..,n and t € H,; for

somej,1<j<n.

Weget DNF =@ — D C E and pis an interior point of E. Hence F is a closed.

Remarks (42)

1. The set E is compact subset of T,space (M,I(X))andp & E ,p € M then 3
two disjoint opensets H, Dof M3 EC HA p €D.

2. Let f:(M,t) > (N,0)be Conmap, if ACS Mis compact relative
to (M, 7) ,then f (A) is compact.

3. The set closed subset of compact space is compact.

Proposition (43)

Let (M,t) be compact space and (N,o)be T, space, if f:(M,t) - (N,o)is

bijective and Con, then f is Home.



Proof.
To prove that f is Home, it is enough to show that f~!is Con.

For this we must show that f(F) is closed set in (N, g), for any closed subset in
(M, 1)

Being aclosed subset of a compact set (M, t) , F is compact set. then f(F) is
compact subset of T, space (N,o) and f(F) is closed set, for any F € M is

closed set which implies f(F) € N is closed set, this f 1 is Con.
Then f is Home . because [f are bijective, Conand f ! is Con m

Theorem (44)

Let f:(M,t) - (N,o)be Con and bijective map, if (M, t) compact space and

(N, o) is T, space. Then M andN are homeomorphic.
Proof.

Let f(A) be openset in (N,o), since (M,t)is compact, V open cover there
corresponds a finite sub cover andMis T,, for any u#veEM,
3 two disjoint H and D are open sets in (N, o) such that, f(u) € H, f (v) € D.
Then openset A in (M,t),f (A) is openset in (N,o) and M — f(A) is
closed set in(N, o).

Now to prove f~1 = h: N - M is Con . Also, to prove h=1(4) is open( closed) set
in(N,o0).

Since A is open set and M — A is closed set in (M,7), therefore h™1(M —
A)=M — h™1(A), we have h™1(N — A)=M — f(A)--(i) [because h~™* = f]. From
(i) for each closed setin (M,7)we get h~!is closed set setin ((N,o)and h is

Con map.



Therefore, f is Home, then M and N are homeomorphic. m



