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In this section, we review the definition of open and closed functions
and propositions about this subject.

Definitions (9)

The function f: (M,t) - (N,o) is called :

1. open function (OM) if, f(A) € O(M,X), foreach A € (M, 7).

2. closed function (CM) if, f(B) € C(M, X), for each B is closed set.
Proposition (10)

A surjective map f:(M,t) = (N,o) isOM ifand only if fis CM.

Proof.

Let f beCM mapand A € M, A € (M, t)thus A€ is a closed set. Since f is a CM,
then f(A°) is a closed set in (M,I()?)).Therefore f(A9)¢ is a open set, so

f(A%)¢ = f(A) (because f be surjective). Hence f(A) is a open set in (M, 1)
So f is OM. In similar way we can prove that (2) m

Proposition (11)
The function f:(M,7) - (N,0)isaOM ifandonly if f(int(4)) < int(f(A))
foreach A € M.

Proof.

Let f be openfunction then for any Hel - f(H)e (M,t)and ACS M,
since int (A) S A- f(intA) c f(A) —

int (f(int A)) S int (f(4)),thenint A€l - f(int A) € 1(X).

For f isopen and int A is open set, hence



f(int A) = int (f(int A))[because B" = B — VB is open]

Then f(int A) < int (f(A)).

Conversely,

For each A © M which that f(int A) < int (f(A)), if H € I be arbitrary so that
int(H)y=H - f(int H) = f(H) But f(int H) < int f(H) ,combining these two
results, f(H) € int f(H) alsoint f(H) € f(H) then int f(H) =f(H) , thusH €
I - f(H)€e (M,t) Then fisOM. m

Proposition(12)

Let f:(M,t) = (N,o) be a CM function if and only if cl (f(A4)) < f(cl (4)), for
each A € M.

Proof.

Suppose that f a CM, then f (clNP (A)) isa closed set in (M,t) foreach A € M.

Since cl (A) is a closed set in (M,7)s0A S cl(A) = f(A) < f(cl (A)).Thus
f(cl(A))is aclosed set containing f(A), we get cl(f(A4)) € f(cl(A)).

Conversely,

Let cl(f(A)) € f(cl(A)), for each AS M and f be a closed set in (M, ) ,then
cl(A) =A and cl f(A) = f(A), thus f(A) is a closed set in (M,7) Hence f is a
CM.m

Propositions (13)

Let f:(M,t) = (N, g)be a bijective function, then:

1. fisaOM ifandonlyif f~1isa Con.
2. fisa CMifandonlyif f~1isa Con.

Proof.



Let fbe a OM and A € M, then f(A) is open set in (M,7),(f~H)71(4) =
f(A)is opensetin (M,t).Then f~tisa Con.

Conversely,

For each A € M ,since f is bijective then (f~1)71(4)= f(4). Let A is open set in
(M, 1(X)), we get (f~*)71(A) is an open setin (M, 7) (because f ! isa Con ) and
since f be bijective, then f(A)is a open set in (M, 1) Hence f is a OM. In similar

way we can prove that (2). m

Remark
Let (M, ) isa T, _space, If (N, g)is a compact subspace of (M, t) then (N, g)is

closed.

Proposition
If A is compact subset of a T, —space (M, 1) , then A is closed set
Proof.

Suppose that ACis closed set and u € A€, since A is a compact subset of a

T, space,if ug A,then3 G e (M,7)suchthatu € G € A°.

Therefore A® =U {G:u € A°},thus ACis closed set, as it is the union of closed

sets. Then A is closed setm

Proposition

The image of a V>_compact space under a cont. map is compact.

Proof.



If ((M, ) is compact to any V_ topological space (N,o)Let f: (M,1) —» (N, o) be
cont. map and {G;:i €A} be an open set cover of (N, o)

Then {§71(G;):i €A} is open set cover of (M,7)and has a finite sub cover {
i~1(Gy):1 = 1,2,3,...,n}[because f is cont. and M is compact].

Whenever M = {U§71(G,):i €A} = {U (G)):i EA} = F (M) = M.

Thus {G4, G, Gs, ... G, } is finite sub cover of {G;:i €A} for (N,o)Hence (N, a)is

compact



