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Definitions  

 A map    (   )  (   )  is called : 

1.   _ open map (  _OM) if,   (  )     (   )for each    ( ). 

  _ closed map (  _CM) if, for each     ( ),  (  )  (   ). 

 Proposition 

      A bijective map    (   )  (   )  is   _OM iff    is   _CM 

Proof.                                                                                                        

          Let   be   _CM , bijective map and     ,thus    is a   _ CS. Since   is 

a   _CM, then   (  ) is a   _ CS in   .Therefore   (  )  is a   _ OS, so 

 (  )   ( ) (because   be bijective). Hence  ( ) is a   _ OS in  .       

   So    is   _OM. In similar way we can prove that only if part. ■ 

Propositions  

 Let    (   )  (   )  be a bijective map, then: 

1.     is a   _ OM iff      is a      . 

2.   is a   _ CM iff      is a      . 

               Proof.  

1. Let   is a   _OM and    , then  ( )   _ OS in  , (   )  ( )=  ( )   _ 

OS in  ̌. Then     is a      . 

Conversely, 

 Let    be bijective, then        ,(   )  ( )=  ( ). Let   is   _OS   

 in  , we get (   )  ( ) is an    _ OS in    

(because     is a      ) and since    be bijective, then  ( )is a   _ OS 



 In   . Hence   is a   _ OM. 

In similar way we can prove that (2). ■ 

Remark (4.2.7)  

 It is clear that every       map is      , but the converse is not true. 

 Because there exist the map    is bijective,       , but     not      . 

Therefore   is not      . 

Definition (14) 

The bijective map   (   )  (   ) is called homeomorphism 

(    ) if, it is     .and OM. 

Proposition (15)     

The bijective map    (   )  (   )  is a       if and only if   ( ( ))  

 (  ( )), for each    . 

Proof. 

Let    be     , therefore    be a     and        function, so   (  ( ))  

  ( ( )),     . Since   ( ) is closed set in (   )and    is closed, then  

 (  ( )) is a CM in (   ), therefore   ( (  ( )))   (    ( )) implies 

  ( ( ))    ( (  ( )) )   (  ( )) [ because     ( ),  ( )   (  ( ))], 

therefore   ( ( ))   (  ( )). Then    ( ( ))    (   ( )) . 

Conversely,  

For each      and   ( ( ))   (  ( ))      ( ) then   is          set in 

(   ) and   ( )   (  ( )), so    is a      Therefore  ( )    ( ( )) , thus 

 ( ) is a closed set, we get   is a CM and    . Hence   is a      ■   



Remarks (16)     

1. If     is     , then     is also     . 

Since    is bijective, then     is bijective ,   is      and    is        also 

  (   )   is    . Therefore,    is        map. 

2. The bijective map    (   )  (   )  is a       if and only if   (   ( ))  

   (  ( )) ,     . 

3. The bijective map    (   )  (   )  is a      if and only  if 

     (   ( ))     (    ( )) ,     . 

Propositions  (17)     

 Let   (   )  (   ) and   (   )  (   )  

be two maps, then: 

1. If   and   are  CM (OM), then     is  CM (OM). 

2. If     is CM (OM) and   is surjective       then   is CM (OM). 

3. If     is  CM (OM)and   is surjective    . then   is  CM (OM). 

 Proof. 

1.  For each   be closed set in (   ) then  ( ) is a closed 

set in (    (  )) ,thus  ( ( )) is        set in (   ) . But,    ( )   ( ( )). 

Hence     is CM. ■ 

2. For each   is closed set in (   ) then     ( ) is closed set in (   )thus 

   (   ( )) is closed set in (   ) Since    is onto then    (   ( ))   ( ), 

hence  ( )is closed set in (   ). Thus   is CM. ■ 



3. For each   is closed set in (   ) and let     ( ) be closed in (    (  )), 

we get    (   ( )) is closed in (   )Hence     (   ( ))   ( )(because 

  is onto), so  ( )  is closed set in (   ), then    is  CM. ■ 

Remark (18)      

The two (   )     (   ) are said to be homeomorphic if there exists      from  

(   )    (   )and denoted by (   )  (   ) . 


