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Theorem: The following six sequences converge to the limits listed below:
. Inn
1- lll’l’ln_,Oo T = 0.
2- lim,,, Vn = 1.

1
3- limy, e xn =1 (x > 0).
4- lim,_,,x" =0 (|x| < 1).

n
5- lim, e (1 + %) = e*( for any x).
6- lim,,_, J;—' = (0( for any x).
Proof: 1), 2), 3)it’s easy.

4) If |x| < 1,lim,_ ., x™ = 0, we need to show that to each € >0, there corresponds an
integers N so large that [x™| < e Vn > N.

Since E% — 1, while |x| < 1, there exists an integer N for which E% > |x|,
XN = x|V < €...(1)

If |x|] < 1, then |x™| < |xY]| vn > N ...(2).

Combing (1) & (2) produces |x™| <€ ¥n > N.

5)Vx,lim,_ e (1 + g)n =e*. /let ay= (1 + E)n, then Ina, = nln (1 + g), by
L’'Hopital’s Rule
ln(1+£)

lim nin (1 + %) =lim —— = lim = lim = = x, by theorem with

1
n—oo n—oo n—-oo -—— n—oo 1+H

S|
S

n
f(x) = e, wegeta; = elnan — (1 + %) - eX,

. xm . [x|™ _ x™ [x|™ .. |x|™ .
6)V x,lim,_ — = 0, since - < — < — |f7 — 0, by sandwich theorem, we can
I

n
prove that.LetM > |x| = % < 1, by (4) we have that (lj\;—l) - 0stn>M.
x| |x|™ S L -V TN TN
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Thus 0 < Ll < M—(m) Y X, 0, becauce (M) - 0.
n! M! \M n! M

By sandwich theorem, we have that proof.

Ex: Test the Conv. Or Div. of the following Sequences.

Inn? . 2lnn
1- a, = - lim — = 0. Conv.
n n—-oco N
n—2\" . -2\" 2
2- a, = (T) - lim,_ (1 +7) = e “. Conv.
3- a, =n? - limn? = oo. Div.
n—-oo
10™ . 10™
4- a, = 7 - llmn_,oow = 0. Conv.

Bounded Monotonic Sequences

Def: A sequence {a,} is bounded from above if3 M € Rsita,, < M Vn,The number M is
an upper bonded for {a,}. If M is upper bounded for {a, }, but no number less than M is

an upper bounded for {a, }, then M is the least upper bounded for {a,}.

We say {a,} is bounded from below if 3 m € Rs.t a,, = m Vn, The number m is lower

bonded for {a,}. If m is alower bounded for{a,}, but no number greater than mis an
lower bounded for {a, }, then m is the greatestdower bounded for {a,}.

If {a,,} is bounded from above and below, then {a,} is bounded. If {a,,} is not bounded,
then we say that {a, } is an unbounded Sequence.

Def: A sequence {a,} is nen<decreasing. If a, < a,4+q Vn. Thatisa; < a, < az < -+, the

sequence is non-increasing. If a, = a,4+1 Vn. The sequence {a,} is monotonic if it’'s

either non=decreasing or non-increasing.

Theorem: If a sequence {a,} is both bounded and monotonic, then the sequence is
converges.

Ex: Test the increasing and decreasing of the following sequences:

n+1 (n+1)!

n (& (s ateantem,



n+l apy1 N+l n+l  n?42n+l

Sol: 1) ap41 = w2’ a, —niz n = ntizn > 1. = The sequence is increasing for all
n(n=1).
el g entl (n+1)! e . .
2 = il — - = 1.~ Th nce i reasing for
) Ansq i ay DDl e — < e sequence is decreasing fo
alln(n = 1).

1
nz+1

3)f(n) = a, =tan"*(n). f'(n) =

> Qincreasing forVn > 1.

Infinite Series

Def: Given a sequence of numbers {a,}, an expression of the-form-a; + a, + az + -+
a, + -+ is an infinite series. The number a,, is the n"™ term of thedseries. The sequence
{S,.} defined by

Si=a4

S, =a; +a,

S3=a4+a; +a;

n
Sn=a1+a2+a3+---+an=2ak
k=1
Is the sequence of partial sums of the series, the number S,, being the n' partial sum. If
the sequence of partial sums converges to alimit L, we say that the series converges and
that is sum is L. In this case, wealso write

[0}

a1+a2+a3+---+an+---=Zan=L
n=1
If the sequence of partial sums of the series does not converge, we say that the series

diverges.
L1181 1y 1
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Geometric Series

The geometric series is a series of the form

(0'e] o0
a+ar+ar2+ar3+---+ar”‘1+---=Zar"‘1=Zar" a0
n=1 n=0

The sum of the first n" terms of formula above is
S,=a+ar+ar?+ard+--+ar™ . (1)
Multiply both sides of Eq.(1) by r, we have that
rS,=ar+ar®’+ard3+ar*+--+ar™ ..(2)
Subtract Eq.(2) from (1). Thus S, — rS,, = a — ar™.

1— n
-' Snza( L )'S-tril.
Now to test the convergence of this series
lim S. = § i a(l1—1rm) . a . ar™
im §,, = = lim ———— = lim — lim

na r=1
e S, =1+a r=-1 — 00,asn — oo. Div.
o) r>1

. a(1l=r" a
o If|r]<1,asn — oo. lim ( ) — .
n—oo 1-r 1-r
o0
LS = Ear” =— |rl<1
1—r

n=1

Ex: Test the Conv. and Div. of the following series and find of the sum:
3m42m

oo 1\ o) n o)
1) T5(;) L@z, 3 E
Sol: 1)=1,r=1:< 1,2;’;;0(1)n =1 =2
2 2 >

2) a=1,r=3>1,Div.

3n42M 3n
3) YXmeo——— = Xm0t
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Ex: Find the sum of the following series

o (D" _ o _5,5_ 5. ,_— B

1) Yoo = O Tt ot ,a—5,r—| 4| < 1.
5
S = 1—_% =4

o 3"1-1 0 1 1 . 1 1 1

2) Z"“W =y, (F_ 6n-1) , since |E| <1, |g| <1, then A= 1—_% = 2,
1 6
B=11=5
o 1 LY_g_p=p_58_12
ThenSi, (o — o) =A-B=2-2=2
AN

o 4 o _ — |2 S P
3) o, a=4r=|<1,:5= Si=8
4) Yo (-D)"l=1-1+1-1+1---, {S,}'=11,0,1,0,...} is Div. because of

the oscillation of S,, between 1,0.
N
Theorem: If Y a, = A and ), b,, = B are¢onvergent series then:
1) Sum Rule: Ya,+b,)=%a,+tXhb,=A=+B.
2) Constant Multiple Rule: Y ka, =k a, = kA.
N
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