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¢ (4) The Comparison Test

Theorem: Let ), a, , Y. C, and ). d,, be series with non-negative terms. Suppose that for

some integerN. d, <a, <(C,, Vn > N.

1) If ). C,, converges, then ), a, also converges.

) If ). d,, diverges, then Y, a,, also diverges.
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Ex: Determine whether the series )7 Tniiancs \Sconvergesor diverges *
Sol: Choose Y- 153 =X»C,,2C, Z?z°=1 % is Conv. {p-series\p=2} and

) 5 )
_— Vn,then by comparison test ) o<y ————is Conv.
Ln=1 2n2+4n+3 < Xn= 1on2 ’ Y P L= 2n2+4n+3

. n+1 .
Ex: Does the series ). —; Conv. or Div.?
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Sol: Choose), b,=)n— 1, L is Div. {p=1} when al\—E b, =%
N

b; = 5. Then a,, = b,, Vn. the seriesis divergent.

Ex: Does the series Yp—; zﬁ;—l Conv. or Div.? H.W

N
N

e (5) The Ratio test

Theorem: (Ratio test)

Let Ya,, be a series with positive terms and suppose that

\
An+1

lim
n—oo an

=p, then




1) The series converges if P < 1.
2) The series diverges if p > 1 or p is infinite.

3) The testisinconclusive if p = 1.

Ex: Investigate the convergence of the following series.

(2n)!

o 2™+5 o n" .
1) Zn=o5n  2D2Zp=i; 3 Zpmio -
Cqy @ntr _ 2™45 3™ 1 2™l45 1 (527742 1., _2
Sol: 1) a, 3™ 2n45 3 2745 3 (5-2—n+1) 3 2= 3" p<1 Conv.
2) Antr _ (D™l (D (+D™ nl 4
an - (n+1)! nn - (n+1)n! nn
: n+1\" . 1\" ,
= lim, e (T) = lim,,_, (1 + ;) = e > 1. Div.
3) anyr . (2n+2)! o ninl 2n+2)(2n+1)(2n)! _nin!
a, (m+D!(n+1)! 2n)!  (+Dnl(n+Dn! | Ca)!
_ 2n+2)(2n+1) _ 4n+2 4> 1. Div.
(n+1)(n+1) n+1 v
N
Ex: Test of the following if its convergence or diverges series.
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(1) 1.2 227 .32° 42%
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n.2"
o = lim tan+1
n—o0 an
(_1)n+2 n.2n

=lim .
p n—oo (n+1)2n+1 (_1)n+1




. -D".(-)*> n.2" -n -1, n -1
p:llmn% ——. - 7= :_||mn_)oo_:__<1
(N+02" 28 (D" (=) 2(n+1) 2 n+l 2

Is conv.
Z, 4" nin!
2
( )nz_ll (2n)!
0 = lim an+1
N—o0 an
o = lim A" (n+DI(n+1)! 2n!
i 2(n+D!  "4"nin!
o= lim 4"4(n+DHni(n+2)n!  2n! _ An+D(n+1) \
" (2n+2)(2n+1)2n! 4"nint (2n+2)(2n+1)
n 1.,n 1
i e aroar) 1T
p=4lim_ =4 =4= =
(@Jrg)(@JrE) (2+0)(2+0) . 4
n n " n n
p=1
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Ex: Investigate the eonvergence of the following series. H.W

nin! & 2M+5M
1) 25{21@2) Yin=1—5n -
\




e (6) The Root Test

Theorem: (Root test)

Let ). a, be a series with a,, = Ofor n > N, and suppose that

lim \/_ p, then

n—->oo

(1) The series converges if P < 1.
(2) The series diverges if p > 1 or p is infinite.
(3) The test is inconclusive if p = 1.

Ex: Test the series

1) YXx 12n 2) Yon= 1(n+2) 3) Lin= 1(n+1)n'

Sol: 1) Y 1—converges because \/: @ - = < 1. Conv.

1

2) lim,_, o [(n+2) ]_ = limn_,ooz—: = 1. The test is fails.
N
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Ex: Find the values of x, that make Yo (%) convergent.

o 1

2 n 2
Sol: By Root test lim,,_ o, [(x ;1) ]n = lim, e xTH <1.

. X241

\
€1 2 x2<2 > 2<x<+2.




2n+3
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Ex: For what values of x does the following series converges Y.o-;

nZ
. ' xS oz 2 2
Sol: By Ratio test 1lll_r)£1° iD)? xznes ,1ll_r,§°x nZ+2nt1
L xt<l > —1<x<1. t’\
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