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CHAPTER 10 : The Definite Integrals and
Its Application
10.1 Definite Integrals:

If a,b € Rand F(x) is an anti-derivative for f(x), then:

b b
j f) = F(x)] = F(b) - F(a)

a is called lower limit, and b is called upper limit for the integral.

Properties for Definite Integrals:

L[ Uaf Fleog) = kaf  f F ko g
2.f;f=facf+fcbf,wherec€[a,b]

3. f=-1,f

4. f=0

5. Iffisaanunction—)f;f=Zfoaf
6. Itfisan@function:f; =0



Examples: Evaluate the following integrals:
6
1)] (3x2 + 2x)dx
1

x3 x2\1°
== (3?4—27)
= (x> + 292
= (63 +6%)— (13 +1%) =252—-2 =250
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2)[ Vé4x + 1ldx
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=—./(4 13l
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Jy sin (x)dx
3) = —cos (x)]¥
=—cos(m)—cos(0)=—(—-1)+1=2

J& esc? (x)dx

4 = cot (x)]g = (cot G) — cot (0))
=1—00=—00
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Problems (10.1): Evaluate the following integrals:

=

L G+ 1)%dx
2. [ 225 gt

1 t2+41

. fol (x? — 2x + 3)dx
4. f_31 (x? — 1)dx

w

5. flz (2w + 5)dw
6. [ fsec? (x)dx
7. f (3 — —) dx
8. [ g (1 + tan? (6))do
3
9. folx/l + xdx
10. [, 5e%dz
21
11 J, 2dt

w

12. foncos (;) dw



13.
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20.

21.

22.

23.

24.

25.

26.

[ sin? (6)d6
f .cot 0d6

fOWcos2 (wt)dt
fogcsc (@)cot (8)d6

fl 1

0 (2x+1)3

J & xsin (x)dx

f — sin (22)
0 cos2 (22)

| 05 6cos (36)d6
f;zxdx

fosx\/T-I-de
f_oncos2 (26)do

1
J2xtan™ xdx

f047re3xdx

fogx\/4x + 2dx



10.2 Multiple Integrals:

The multiple integral is a definite integral of a function of more than one real

variable, for example, f(x,y) or f(x,y, z). Integrals of a function of two
variables over a region in R? are called double integrals, and integrals of a

function of three variables over a region of R3 are called triple integrals. i.e.,

| [ reoyyandy

y vXx

fzfyfxf(x»y,Z)dxdydz

Examples: Evaluate the following integrals:
T X
1) f f sin (y)dydx
o Jo
T X
=j — COS (y)] dx
0 0

= Jﬂ (—cos (x) + 1)dx
0
= (—sin (x) + x)]3
= (—sin () + ™) — (—sin (0) + 0)
=(—-0+m)—(0+0)=m

2. [, ] %‘) [0 dzdyd. x



x+y+1

1 (0
= f f Z dydx
0 5

xX=y

1 0
= | [, @ty + - o yayds

1 /0
= j .[_1 (1+ 2y)dydx
0 J—
2

0
dx
1
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=—X
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Problems (10.2): Evaluate the following integrals:
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: fonf_olgdydx

J2 T (1= 6x?y)dxdy
o S0 dzdydx
.f;f:_yaﬂf(z)dzdxdy
5. _11, Il 01—x Il 42r2 ndzdydx
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10.3 Area Under a Curve

The area under a curve between two points can be found by doing a definite
integral between the two points. To find the area under the curve y = f(x)
between x = a and x = b, integrate y = f(x) between the limits of a and b.

v D

Area = j f(x) dx

y —f(.l‘\

Remark: If the area is above x-axis, then the area is positive, and if the area
under the x-axis, the area is negative, so we should change the sign to positive
value by adding a negative sign or by taking the absolute value.

> S




Remark: To avoid the negative value, we will take the absolute value:

xX=b
Area = J fx)dx
xX=a
Example (1): Find the area bounded by y = x2andx = 1and x = 3 ?
Solution:
x=3
Area = j x*dx
x=1
x3 x=3
=% |
3 ]x=1
33 13
|3 3

= (9 1‘—82 it 2
= 3— 3Ut‘]l

Example (2): Find the total area between the curve y = x3 and x = —2 and
x=27

Solution:
If we simply integrated x3 between x = —2 and x = 2, we would get:
s 4 =| 16 16
X'l x=2
A == 3 d = |— _—— | =
rea =| j x> dx| Y= —2 ‘ 2 2
x=2



So, instead we have to split the graph up and do two separate integrals:

x=2 x*°1 (16
A1=j 3Bdx|=|—| [=]——-0] =
x=0 4 0 4
x=0 x4- 0 16
A2=f x3dx| = | — =‘0——‘=|—4|=4
. 4|, 4

Hence, Area = A1 + A2 = 4 + 4 = 8u,;2

Example (3): Find the area bounded by the line x + y = 1 and the coordinate
axes?

Solution:

vXty=2=y=2—-x
y=0—x=2= (2,0)

szz (2 —x)dx

x=0

(-2
fo-o-(-2)

=|—-24 2| [4un|t

Area =




Another way:

cx+y=2=x=2-y

x=0—y=2=(2,0)
y=2
f (2 —y)dy‘

y=0

Area =

=2
4]
2,

22
= (0—0)—(2—7>

=|—2+2| =4unit?

Problems (10.3):

N o v kB W N

Find the total area bounded by the curve y = x3 — 4x and x-axis.
Find the area bounded by y = y4 — x? and x -axis.

Find the area bounded by x = y? — y3 and y -axis.

Find the area bounded by Vx + \/; = 1 and the two axes.

Prove that the area under one carve of y = sin (x) equals to 2 units
Find the area bounded by y = x? — 4x and x -axis.

Find the area bounded by x = 8 — 2y — y? and y-axis.
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10.4 Area Between Two Curves

In this section we are going to look at finding the area between two curves.
There are actually two cases that we are going to be looking at.

In the first case we want to determine the area betweeny = f(x) and y =
g(x) on the interval [a, b]. We are also going to assume that f(x) = g(x).
Take a look at the following sketch to get an idea of what we're initially going

to look at. ‘
_ y=f(x)

\
N

Area

x=b
| G0 - gGolax

/—\_“

The second case is almost identical to the first case. Here we are going to
determine the area between x = f(y) and x = g(y) on the interval [c, d]

with f(y) = g(y).

N
.

[F») — g()dy |
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Example (1): Find the area between the curve y = 2 — x? and the liney = —x

Solution:

1=y =2-x=—x
=x?—-x—2=0
= x—-2)x+1)=0=>x=2andx =1

x=2
| e - gonax

x=—1

Area =

[[ units2

?

Example (2): Find the area of the triangular shaped region in the first quarter
bounded by the y-axis and the curves y = sin (x) and y = cos (x) ?

Solution:

Area

M

f(x) —g(x)]dx

[cos (x) — sin (x)]dx
0

L.
[

2=l
T4
x=0

— :<sin (g) + cos (%)) — (sin (0) + cos (O))”

- (%*?)‘(0“)”
=i+1units2

V2

= [[sin (x) + cos (x)]
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Example (3): Find the area bounded helwent the two carves y=x?
andy = |x|?

Solution:

Y1 =Yz

- |x| = x? - Vx = x?
—x?=x*—>x*-x*=0

— x%(1—-x%)=0
—x?(1-x)1+x)=0
x2=0=x=0— (0,0)
x—1)=0=>x=1—(1,1)
x+1)=0=>x=-1—>(-11)

x=0
| 1w - geonax

x=-1

Al =

= fx=0 [—x — x?]dx

x=—1
“fl- G351
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1_
= |— it 2
l3_ units
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Example (4): Find the area bounded between carve y = x—lz and the two lines

y=1landy =37

Solution:
1
y=;
1
— x2 =—
y
1
—X=+—

Area =

y=3
| 1760 - geolax
y=1

Problems (10.4):

1. Find the area bounded by the curve y = v/x and the line y = x.

2. Find the area bounded by the curve y = x3 and the lines x = —1 and
x =-3.

3. Find the area bounded by the curves y = x —x? and y = x? — x.

4. Find the area bounded by the curve x = 4y — y? — 3 and the line x =
—-3.

5. Find the area bounded by the curve y = x3 and the line y = x in the
first quarter.

6. Find the area bounded between carve y = iand the two lines y = 2 and

y=37
7. Find the area bounded by the curves y = e* and y = e™* and the lines
y=2andy =4.

8. Find the area bounded by the curves y = x? + 2 andthe y = x + 5.
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