S5 Azl

Sial) Ay 31 A8

il ) pu
JaS g i
DSl A3y Jalsill

e Al 4 30

hiba.h.a.83@tu.edu.iq



mailto:hiba.h.a.83@tu.edu.iq

. Y Integration by Partial Fractions:

If the integrand (a function that is to be integrated/the expression after
the integral sign) is in the form of an algebraic fraction and the integral cannot
be evaluated by simple methods, the fraction needs to be expressed in partial
fractions before integration takes place.

Remark(1):

IF the "degree of denominator " > " degree of enumerator”, then we use the
partial fraction as follows:

1) Ife have ———— and we are unable to analyze it, then its numerator will
ax“+bx+c

be always one degree less.

Examples:

1 . 1 1 1
x243x4+2 (x+1)(x+2) x+1  x+2

1 _ 1 A S S
(x=3)(x2+3x+2)  (x=3)(x+1)(x+2)  x-3 x+1 x+2

1 1
= +
(x—=3)(x%2+x+1) x—3
1 1 1
(x=3)(x3+x242) x—3  x3+x2+2

1 1 1 1
+

(x—3)(x2+5)(x*+3) T x-3 x+5  x%*+3

i1) If we have where n is a positive constant, then we analyze it as

1
(x—a)™

follows:

1 A, A, As

(x—a)"  x-a T (x—a)? t (x—a)3
Examples:

1 1 1
(x=3)2  x-3 (x—3)2

1 1 1 1
(x—3)3  x-3 (x—3)2  (x-3)3

1 1 1 1
(x-3)*  (x-3)2 = (x-3)3  (x-3)*

)




Examples:

1
_ 1 dx =2
1) f(xz—Zx—S) dx =7

1 _ 1 _ A B
(x2-2x-3) (x—=3)(x+1) (x—3)+ (x+1)

_ Ax+A+B-3B (A+B)x+(A-3B)
C (x=-3)(x+1) (x—3)(x+1)

= A+B=0
+A+3B=+1

(by subtracting)

-1

“A+B+0 = A= -B=A=-

1 -1
1 A B 7} T

Z—2x-3) x-3)  G+D @-3) @ =x+D

. 1 d
"j(xz—Zx—3) x

1 -1

(3 2
_f(x—3)+ o+ &

=%f

%Inlx—3| +_Tlln|x+ 1|+ C

1 -1 1
(x—3) dx + 4 f(x+1) dx




1
—9
2) fo(x—z) dx =1

1 A C

xz(x—2)= x+ X —2

xx2(x—2) 1=Ax(x—2)+B(x—2)+C?

-1
Letx =0 $B=7

Letx =2 =>C=%

Comparing cofficients of x2 gives

A+C=0= A==

"fﬁd“f

S e 2L s j
4 xx2x2x4

_ _ -1
-1 In|x| +2L T +iInx|x—-2|+C
4 2 -1

3) [———dx =?

x2+3x—4
=x’+3x—-4=(x+4(x-1)

1 1 N 1 1
(x—4(x-1) x+4 x—-1 1+4

1 1
1=+ 5)dx
x+4 x—1

Limlx—1- m|x+4]/+C=im ";1|+C
5 5 5 x+4

1
5




2

4) f(2x+1)(x+2)2 dx

A B C
B (2x+1)+ (x+2)+ (x +2)2

=7

*(2x+D(x+2)? x2=A(x+2)? +B2x+1D(x+2)+C2x+1)

Letx=-2 =C

Letx = 2 =Al
2 9

Comparing cofficients of x? gives

A+2B=1= -+2B=1=B =1

x2

1 4 —4

_ 9 9 3
_j (2x + 1) +(x+2)+ (x + 2)2

_1f 1 d+4f1d+_4j 1
9 ) 2+ YT )+ T3 )22 ™
—1j - d+4j . d+_4j +2)7%d
"B ) D P Gy BT FDT A

_ -1
L@+ D+ i mx+2)+ = D L
18 9 3 -1




IF the "degree of enumerator" > "degree of denominator", then we use the
long division as follows:

. X4 _ —4
x+8 x2+8
x%44 —4
[ ] =
x248 x2+8

2
er4=(x—8)+ﬁ
xX+8 x—8

x3+4
x+8

252
x—8

= (x?>—4x +32) +

Examples:

D) [Z=dx =2

_ ((x+5) -8 x+5 —8 8

x+5 _x+5_x+5= x+5

f(1 —)dx

8
fldxf dx=x—8In|x+5|+C
x+5

0) [ gy =2

16+x2

21 1
f(_1+x2+16dx_f_1dx+21_jx2+ dx

—x + 21 %tan‘1 (z) +C




21
3) [ S dx =7

X

x? -1 x2+9—9—1_x2+9—10_ 10 10

xz+9= x2+9 N x2+9 _x2+9= x2+9

[(1-5
1
jldx—lO Jx2+32 dx

j—xz i 32 dx = % tan~! (g)

f(l— = )dx= x—? tan‘1(§)+C

x249

4) [XE gy =

x+8

“x2+4_( 8) + 68
' x+8_x x+8

fx2+4d _j (e 8) + 68 p
x+8 X7 x +8)™

=f((x—8)+%)dx

—j( 8)d +j %
B x x x+8 x

— —8x+68n|x+8|+C




5) fx3+; dx =?

x+

= x°8x+ 64 ———

j x3+4 508
x+8 x+8

508
2 -
j(x 8x + 64 x+8)dx

508

|x+8|1n=j508x
x+8

jx3+4d

x+8 x

53
?—4x3+64x—508ln|x+8|+6

Problems(9.3): Evaluate the following integrals:

D [ s dx

x%2+4x-5

kB
S (x+5)kx-1) x4+
5

1
6 6
fx+5dx+fx_1dx

5 1
gln|x+5|+gln|x—1|+C




2) [5—=—dx

x2+2x-3

X

3 1
Zlnlx—3|+zln|x—1|+C

3) [ **1) iy

x2+4x-5

x+1 _
(x+5)(x—-1)

2

3
jx+5dx+Jx

2 1
§In|x+5|+§ln|x—1|+C
XZ
4) fx2+2x—1 dx
2x —1
x?+2x—1

fld f2x+2—3d
x x2+2x—1 x

5 2 x+1—+2
xIn|x®+ 2x| + In

_|_
242 x+1++/2

C




1
5) fx(x+1)2 dx

1
Eln|x+1|—1n|x+1|++C

1
O e ™

11| | 11| 2+1|+1t 1)+ C
an 4nx Zan X

1
) fx(x2+2x+1) X

1
Inlx|-In|x+1|+——+C
x+1

8) f sin@ do

cos2 0+cos 0-2

1 1
§In |cosO + 2| —§In |cos@ — 1|+ C

N e

In(e'+1) —In (e'+2)+C

e?t +3et +2

(Bx-7)
10) | Gnonams ™

—2In|x—=1| + In|lx=2|+In|x—-3| +¢

sin(x)
) [—;

cos?x—5 cos(x)+4

1 1
§In |cos(x) — 4| —§1n lcos (x) — 1|+ C

12) [ dx

x26+5

1I| 5] 11| 1|+ C
2 lx 2 lx




X

19 G ™

x IR SO
(x+2)(x+1)2 x+2 x+1 (x+1)2

j —2+ 2 1 g
(x+2 x+1 (x+1)2) x

1
:—21n|x+2|+21n|x+1|+?+(]

2x-1
14 )f(xz 1)(x—2) dx

x2—1=(x—-1(x+1)

1 1
=§In|x—1|+§In|x+1|—1n|x+2|+C

x—1
(x—1)(x2+1)

A +Bx+C
x+1 x24+1

j(_1+ ad )d
x+1 x2+1 x

1
—1n|x+1|+§ In(x*+1)+C

16)f x%-2x-3
x> —2x—-3=(x-3)(x+1)

1 N 1
x—3 x+1

2In|x —3|+3In|x+ 1|+ C




9
-[(1+x2+9)dx

=x+9

1
j(x—S)(x+3) dx

—xt o fd] 4
T e M k3
3

—xtom [P vc
ST T3

18) [ =5 d

[(x—1)72 dx

= 1 +C
T ox—1

19) [ == — dx

x2—4x

x> —4x—-5=(x—-5)(x+1)

I L
_j6(x—5)+6(x+1) X

—51| m+11+c
—67’LX 671

(2x+41)
dx
x2-5x—14

2@]
x2+5x—14=(x+7)(x—2)

=3n|lx+7|—-In|x—-2|+C




__*
(x—1)(x+1)2

o1) f

A N B N C
x—1 x4+1 (x+1)2

1 3
=—In|x—-1|+-=In|x+ 1|+

——+C
2 2 2+ T

3, ¢ Integration by Trigonometric Substitution:

In this section, we see how to integrate expressions like and

\/a2 — u? \/a2 + u? |, and\Ju? — a?

depending on the function we need to integrate, we substitute one of the
following trigonometric expressions to simplify the integration:

e For Va? —u?|,use u = asind
e Fo 'az-l—u2 ,use u = atanb
e ForVu? — a?|,use |u = a sech




Examples: Evaluate the following integrals:

dx —9
—x2

D 7=
V9 —x2 =+vVa? —u? weuse u=asinb

va=3andu =x = x = 3sinf

=0 =sin ! (;—C) and dx = 3 cos 6d6

a9 —x2% = \/9—(3sin9)2 =

= \/9(1 — sin%0) = 3V1 —sin?0 = 3Vcos? 0 = 3cosf =

. dx f3c056d6
" Vo—xZ 3cosf

= [d0=0+C =sin! (§)+C

dx
=7
) | =

v /254 x2 =+/a? + u? we use u = atanb
va=5andu=x =>

=0 = tan™! (g) and ﬂx = 5secfdf \

~V25+x2 = /25— (5tan6)? = V25 + 25tan?6

= \/25(1 + tan?0) = 54/ 1 + tan?6 = 5y/sec? 0 = 5secO =

f dx B 5sec? 6do
T ) V25 X2 5secH

+/ 2
=In|sec O +tanf|+C = In| 25;x +Z +C

= f sec0do




3) f x2 16

o Vx2

va=4andu =x =|x = 4secl

—16 =Vu?2 —a? weuse u=asec

=

0 =sec™?! G)

and dx =4 secftan0 db

\/xz

—16 = /(4sec6)? — 16 = /16 sec? 6 — 16

= J16(sec?6 — 1) = 4/sec? —1 =4 /tan? 6 = 4tan6

dx _ f4sec9tan 0do

xVxZ-16

=>[do=-0+C=
4 4

4secO+4tan @

Problems(9.4): Evaluate the following integrals:

D e

I3

f\/1+4x2 2
=In|x+\/4+x2|+c

1—a? —x?

3) fx/ (x 1)2
4=x-1=0 d = dx

du
Vvx—1

4) f xdx

4+4x2

Xdx = du

. 1
= — +C
asm (ax)

sin"1(2x) + C

= sin‘1(4) = sin‘l(x _ 1) +C
2’ 2

, du = 2xdx

lsect (f) +C
4 4




—11 14| + C
> In

1
=Eln(4+x2)+C

(x+1)dx

S Ry e
xdx dx
Vi Va=
xdx
Va2
4=4—x*=du = —2xdx

Xdx = 1d
x——E u

1

-5 [ =3 @B =—fa=

dx
V4 — x2

— sin1)
B 2

a2 4 cin-1¢%
4 — x= + sin (2)+C




x
e
99 — x2

xdx
7) f\/16—x2
4 =16 —x*> - du=—-2xdx

Xdx = 1d
x——z u

1 (du
=—— | —= =416 —-2x2 +C
)@ =

dx

Y|

V2 +1)2 =x2+1

dx
- j = tan 1(x) + C

xZ2+1




