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9. 3 Integration by Partial Fractions: 

If the integrand (a function that is to be integrated/the expression after 

the integral sign) is in the form of an algebraic fraction and the integral cannot 

be evaluated by simple methods, the fraction needs to be expressed in partial 

fractions before integration takes place. 

Remark(1) : 

IF the "degree of denominator " > " degree of enumerator", then we use the 

partial fraction as follows : 

i) Ife have   
1

𝑎𝑥2+𝑏𝑥+𝑐
    and we are unable to analyze it, then its numerator will 

be always one degree less. 

Examples: 

• 
1

𝑥2+3𝑥+2
= 

1

(𝑥+1)(𝑥+2)
=  

1

𝑥+1
+

1

𝑥+2
 

• 
1

(𝑥−3)(𝑥2+3𝑥+2)
=

1

(𝑥−3)(𝑥+1)(𝑥+2)
=  

1

𝑥−3
+  

1

𝑥+1
+  

𝐶

𝑥+2
 

• 
1

(𝑥−3)(𝑥2+𝑥+1)
=

1

𝑥−3
+ 

• 
1

(𝑥−3)(𝑥3+𝑥2+2)
=

1

𝑥−3
+

1

𝑥3+𝑥2+2
  

• 
1

(𝑥−3)(𝑥2+5)(𝑥4+3)
=

1

𝑥−3 
+

1

𝑥+5
+

1

𝑥4+3
 

ii) If we have 
1

(𝑥−𝑎)𝑛
 where n is a positive constant, then we analyze it as 

follows: 

1

(𝑥−𝑎)𝑛
=  

𝐴1

𝑥−𝑎
+ 

𝐴2

(𝑥−𝑎)2
+ 

𝐴3

(𝑥−𝑎)3
+ ⋯+ 

𝐴𝑛

(𝑥−𝑎)𝑛
 

     Examples: 

• 
1

(𝑥−3)2
=  

1

𝑥−3 
+

1

(𝑥−3)2
  

• 
1

(𝑥−3)3
=

1

𝑥−3 
+

1

(𝑥−3)2
+

1

(𝑥−3)3
 

• 
1

(𝑥−3)4
=

1

(𝑥−3)2
 +

1

(𝑥−3)3
+

1

(𝑥−3)4
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Examples: 

1) ∫
1

(𝑥2−2𝑥−3)
 𝑑𝑥 = ? 

1

(𝑥2 − 2𝑥 − 3)
=

1

(𝑥 − 3)(𝑥 + 1)
=  

𝐴

(𝑥 − 3)
+ 

𝐵

(𝑥 + 1)
 

=  
𝐴𝑥 + 𝐴 + 𝐵 − 3𝐵

(𝑥 − 3)(𝑥 + 1)
=  

(𝐴 + 𝐵)𝑥 + (𝐴 − 3𝐵)

(𝑥 − 3)(𝑥 + 1)
 

⟹ 𝐴 + 𝐵 = 0 

∓𝐴 ± 3𝐵 = ∓1 

___________________(by subtracting) 

⟹ 4𝐵 =  −1 ⟹ 𝐵 =
−1

4
 

∵ 𝐴 + 𝐵 + 0  ⟹ 𝐴 =  −𝐵 ⟹ 𝐴 =
1

4
  

1

(𝑥2 − 2𝑥 − 3)
=  

𝐴

(𝑥 − 3)
+ 

𝐵

(𝑥 + 1)
=  

1
4

(𝑥 − 3)
+ 

−1
4

(𝑥 + 1)
  

∴ ∫
1

(𝑥2 − 2𝑥 − 3)
 𝑑𝑥 

= ∫

1
4

(𝑥 − 3)
+  

−1
4

(𝑥 + 1)
 𝑑𝑥 

      =
1 

4
 ∫

1

(𝑥−3)
 𝑑𝑥 +

−1

4
 ∫

1

(𝑥+1)
𝑑𝑥 

 =  
1 

4
 𝐼𝑛|𝑥 − 3| +

−1

4
𝐼𝑛|𝑥 + 1| + 𝐶 
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2) ∫
1

𝑥2(𝑥−2)
 𝑑𝑥 = ? 

1

𝑥2(𝑥 − 2)
=  

𝐴

𝑥
+ 

𝐶

𝑥 − 2
 

∗ 𝑥2(𝑥 − 2)       1 = 𝐴𝑥(𝑥 − 2) + 𝐵(𝑥 − 2) + 𝐶2 

𝐿𝑒𝑡 𝑥 = 0 ⟹ 𝐵 =
−1

2
 

𝐿𝑒𝑡 𝑥 = 2 ⟹ 𝐶 =
1

4
 

Comparing cofficients of 𝑥2 gives 

𝐴 + 𝐶 = 0 ⟹  𝐴 =
−1

4
  

∴ ∫
1

𝑥2(𝑥 − 2)
 𝑑𝑥 = ∫ (

−1
4
𝑥

+

−1
2

𝑥2
+

1
4

𝑥 − 2
) 𝑑𝑥 

=
−1

4
 ∫

1

𝑥
 𝑑𝑥 + 

−1

2
 ∫

1

𝑥2
 𝑑𝑥 + 

1

4
 ∫

1

𝑥 − 2
 𝑑𝑥 

=
−1

4
 𝐼𝑛|𝑥| +

−1

2
 
𝑥−1

−1
+ 𝐼𝑛𝑥|𝑥 − 2| + 𝐶 

3) ∫
1

𝑥2+3𝑥−4
𝑑𝑥 =? 

= 𝑥2 + 3𝑥 − 4 = (𝑥 + 4)(𝑥 − 1) 

1

(𝑥 − 4)(𝑥 − 1)
=

1

𝑥 + 4
+ 

1

𝑥 − 1
=

1

1 + 4
=  

1

5
 

∫ (
1

5

𝑥+4
+ 

1

5

𝑥−1
) 𝑑𝑥 

=
1  

5 
 𝐼𝑛 |𝑥 − 1| −

1

5
 𝐼𝑛 | 𝑥 + 4| +  𝐶 =

1

5
 𝐼𝑛 |

𝑥−1

𝑥+4
| + 𝐶  
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4) ∫
𝑥2

(2𝑥+1)(𝑥+2)2
 𝑑𝑥 = ?   

=  
𝐴

(2𝑥 + 1)
+ 

𝐵

(𝑥 + 2)
+ 

𝐶

(𝑥 + 2)2
 

∗ (2𝑥 + 1)(𝑥 + 2)2    𝑥2 =  𝐴(𝑥 + 2)2 + 𝐵(2𝑥 + 1)(𝑥 + 2) + 𝐶(2𝑥 + 1) 

𝐿𝑒𝑡 𝑥 = −2 ⟹ 𝐶 

Let x =  
−1

2
 ⟹ 𝐴

1

9
  

 

Comparing cofficients of 𝑥2 gives 

𝐴 + 2𝐵 = 1 ⟹  
1

9
+ 2𝐵 = 1 ⟹ 𝐵 =

4

9
  

∴  ∫
𝑥2

(𝑥 + 2)2
 𝑑𝑥 

= ∫ (

1
9

(2𝑥 + 1)
 +

4
9

(𝑥 + 2)
+ 

−4
3

(𝑥 + 2)2
) 

=
1

9
 ∫

1

(2𝑥 + 1)
 𝑑𝑥 +

4

9
 ∫

1

(𝑥 + 2)
 𝑑𝑥 +

−4 

3
 ∫

1

(𝑥 + 2)2
 𝑑𝑥  

=  
1

18
  ∫

2

(2𝑥 + 1)
 𝑑𝑥 +

4

9
 ∫

1

(𝑥 + 2)
 𝑑𝑥 +

−4 

3
 ∫(𝑥 + 2)−2  𝑑𝑥   

=  
1

18  
 𝐼𝑛 (2𝑥 + 1) + 

4

9
 𝐼𝑛 (𝑥 + 2) + 

−4 

3
 .

(𝑥+2)−1

−1
+ 𝐶 
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Remark(2) : 

IF the "degree of enumerator" ≥ "degree of denominator", then we use the 

long division as follows: 

• 
𝑥+4

𝑥+8
= 1 + 

−4

𝑥2+8
 

• 
𝑥2+4

𝑥2+8
= 1 + 

−4

𝑥2+8
  

•  
𝑥2+4

𝑥+8
= (𝑥 − 8) + 

68

𝑥−8
  

•   
𝑥3+4

𝑥+8
= (𝑥2 − 4𝑥 + 32) + 

252

𝑥−8
 

 

Examples: 

1) ∫
𝑥−3

𝑥+3
𝑑𝑥 =? 

=  ∫
(𝑥 + 5) − 8

𝑥 + 5
=

𝑥 + 5

𝑥 + 5
− 

−8

𝑥 + 5
= 1 −

8

𝑥 + 5
 

∫(1 −)𝑑𝑥 

∫ 1𝑑𝑥  ∫
8

𝑥 + 5
𝑑𝑥 = 𝑥 − 8 𝐼𝑛 |𝑥 + 5| + 𝐶 

2) ∫
5−𝑥2

16+𝑥2
𝑑𝑥 =? 

∫(−1 +
21

𝑥2 + 16
𝑑𝑥 = ∫ −1𝑑𝑥 + 21 = ∫

1

𝑥2 + 4
𝑑𝑥    

−𝑥 + 21 
1

4
tan−1 (

𝑥

4
) + 𝐶 
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3) ∫
𝑥2 −1

𝑥2+ 9
𝑑𝑥 =? 

𝑥2 − 1

𝑥2 + 9
=  

𝑥2 + 9 − 9 − 1

𝑥2 + 9
=   

𝑥2 + 9 − 10

𝑥2 + 9
=

10

𝑥2 + 9
= 1 −

10

𝑥2 + 9
 

∫ (1 −
10

𝑥2 + 9
) 𝑑𝑥  

∫ 1𝑑𝑥 − 10    ∫
1

𝑥2 + 32
 𝑑𝑥  

∫
1

𝑥2 + 32
 𝑑𝑥 =  

1

3
 tan−1 (

𝑥

3
) 

∫ (1 −
10

𝑥2+9
) 𝑑𝑥 =  𝑥 −

10

3
 tan−1 (

𝑥

3
) + 𝐶  

 

4) ∫
𝑥2 +4

𝑥+8
 𝑑𝑥 =?  

∵
𝑥2 + 4

𝑥 + 8
= (𝑥 − 8) +

68

𝑥 + 8
 

 ∫
𝑥2 + 4

𝑥 + 8
 𝑑𝑥 =  ∫ ((𝑥 − 8) +

68

𝑥 + 8
) 𝑑𝑥   

                        = ∫ ((𝑥 − 8) +
68

𝑥+8
) 𝑑𝑥    

                            = ∫(𝑥 − 8)𝑑𝑥 + ∫
68

𝑥 + 8
  𝑑𝑥 

                           =  
𝑥2

2
 − 8𝑥 + 68𝐼𝑛 |𝑥 + 8| + 𝐶 
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5) ∫
𝑥3+4

𝑥+8
𝑑𝑥 =? 

∫  
𝑥3 + 4

𝑥 + 8
=  𝑥28𝑥 + 64 −

508

𝑥 + 8
  

∫( 𝑥28𝑥 + 64 −
508

𝑥 + 8
)𝑑𝑥 

|𝑥 + 8 |𝐼𝑛 = ∫ 508𝑥
508

𝑥 + 8
  

∫
𝑥3 + 4

𝑥 + 8
 𝑑𝑥  

𝑥3

3
− 4𝑥3 + 64𝑥 − 508 𝐼𝑛|𝑥 + 8| + 𝐶 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  ـــــــــــ

Problems(9.3): Evaluate the following integrals: 

1) ∫
𝑥

𝑥2+4𝑥−5
𝑑𝑥   

=
𝑥

(𝑥 + 5)(𝑥 − 1)
=  

5
6

𝑥 + 5
+

1
6

𝑥 − 1
 

∫

5
6

𝑥 + 5
𝑑𝑥 + ∫

1
6

𝑥 − 1
𝑑𝑥  

5

6
 𝐼𝑛 |𝑥 + 5| + 

1

6
 𝐼𝑛 |𝑥 − 1| + 𝐶 
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2) ∫
𝑥

𝑥2+2𝑥−3
𝑑𝑥   

𝑥

(𝑥 − 3)(𝑥 + 1)
=  

3
4

𝑥 − 3
+ 

1
4

𝑥 − 1
 

∫

3
4

𝑥 − 3
𝑑𝑥 + ∫

1
4

𝑥 − 1
𝑑𝑥 

3

4
 𝐼𝑛 | 𝑥 − 3| +

1

4
𝐼𝑛 | 𝑥 − 1| + 𝐶 

3) ∫
(𝑥+1)

𝑥2+4𝑥−5
𝑑𝑥   

𝑥 + 1

(𝑥 + 5)(𝑥 − 1) 
=  

2
3

𝑥 + 5
+

1
3

𝑥 − 1
 

∫

2
3

𝑥 + 5
𝑑𝑥 + ∫

1
3

𝑥 − 1
𝑑𝑥 

2

3
 𝐼𝑛 | 𝑥 + 5| +

1

3
𝐼𝑛 | 𝑥 − 1| + 𝐶 

4) ∫
𝑥2

𝑥2+2𝑥−1
𝑑𝑥   

2𝑥 − 1

𝑥2 + 2𝑥 − 1
  

∫ 1𝑑𝑥 − ∫
2𝑥 + 2 − 3

𝑥2 + 2𝑥 − 1
𝑑𝑥 

𝑥 𝐼𝑛 | 𝑥2 + 2𝑥| +
2

2√2
𝐼𝑛 | 

𝑥 + 1 − √2

𝑥 + 1 + √2
| + 𝐶 

 

 

 



 

9 
 

5) ∫
1

𝑥(𝑥+1)2
𝑑𝑥   

1

2
𝐼𝑛 |𝑥 + 1| − 𝐼𝑛 |𝑥 + 1| + +𝐶  

6) ∫
1

(𝑥+1)(𝑥2+1)
𝑑𝑥   

1

2
𝐼𝑛 |𝑥| −

1

4
𝐼𝑛 |𝑥2 + 1| +

1

2
tan−1(𝑥) + 𝐶 

7) ∫
1

𝑥(𝑥2+2𝑥+1)
𝑑𝑥   

𝐼𝑛 |𝑥| − 𝐼𝑛 |𝑥 + 1| +
1

𝑥 + 1
+ 𝐶 

8) ∫
𝑠𝑖𝑛𝜃

cos2 𝜃+𝑐𝑜𝑠 𝜃−2
𝑑𝜃   

1

3
𝐼𝑛 |𝑐𝑜𝑠𝜃 + 2| −

1

3
𝐼𝑛 |𝑐𝑜𝑠𝜃 − 1| + 𝐶  

9) ∫
𝑒𝑡 

𝑒2𝑡 +3𝑒𝑡 +2 
𝑑𝑡   

In(et+1) – In (et+2)+C 

10) ∫
(3𝑥−7)

(𝑥−1)(𝑥−2)(𝑥−3)
𝑑𝑥   

−2𝐼𝑛 |𝑥 − 1|  +  𝐼𝑛 |𝑥 − 2| + 𝐼𝑛 |𝑥 − 3|  + 𝑐 

11) ∫
sin(𝑥)

𝑐𝑜𝑠2𝑥−5 cos(𝑥)+4
𝑑𝑥   

1

3
𝐼𝑛 |cos(𝑥) − 4| −

1

3
𝐼𝑛 |cos (𝑥) − 1| + 𝐶 

12) ∫
1

𝑥2−6𝑥+5
 𝑑𝑥 

1

4
𝐼𝑛 |𝑥 − 5| −

1

4
𝐼𝑛 |𝑥 − 1| + 𝐶  
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13) ∫
𝑥

(𝑥+2) (𝑥+1)2
dx 

𝑥

(𝑥 + 2)(𝑥 + 1)2
=  

1

𝑥 + 2
+ 

1

𝑥 + 1
+

1

(𝑥 + 1)2
 

∫(
−2

𝑥 + 2
+ 

2 

𝑥 + 1 
− 

1

(𝑥 + 1)2
 ) 𝑑𝑥 

= −2 𝐼𝑛|𝑥 + 2| + 2𝐼𝑛 |𝑥 + 1| +
1

𝑥 + 1
+ 𝐶 

14) ∫
2𝑥−1

(𝑥2−1)(𝑥−2)
 𝑑𝑥 

𝑥2 − 1 = (𝑥 − 1)(𝑥 + 1) 

=
1

2
𝐼𝑛 |𝑥 − 1| +

1

2
𝐼𝑛 |𝑥 + 1| − 𝐼𝑛|𝑥 + 2| + 𝐶  

15) ∫
𝑥−1

(𝑥−1)(𝑥2+1)
 𝑑𝑥 

=
𝐴

𝑥 + 1
+ 

𝐵𝑥 + 𝐶

𝑥2 + 1
 

= ∫ (
−1

𝑥 + 1
+

𝑥

𝑥2 + 1
) 𝑑𝑥  

= −𝐼𝑛 | 𝑥 + 1| +
1

2
   𝐼𝑛(𝑥2 + 1) + 𝐶 

16) ∫
5𝑥−3

𝑥2−2𝑥−3
 𝑑𝑥 

𝑥2 − 2𝑥 − 3 = (𝑥 − 3)(𝑥 + 1) 

=
1

𝑥 − 3
+ 

1

𝑥 + 1
 

2𝐼𝑛 |𝑥 − 3| + 3𝐼𝑛 |𝑥 + 1| + 𝐶  
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17) ∫
𝜋2

𝑥2−9
 𝑑𝑥 

∫(1 +
9

𝑥2 + 9
) 𝑑𝑥 

= 𝑥 + 9 ∫
1

(𝑥 − 3)(𝑥 + 3)
 𝑑𝑥 

= 𝑥 + 
9

6
 𝐼𝑛 |

𝑥 − 3

𝑥 + 3
| + 𝐶 

= 𝑥 + 
3

2
 𝐼𝑛 |

𝑥 − 3

𝑥 + 3
| + 𝐶 

18) ∫
1

(𝑥−1)2
 𝑑𝑥 

∫(𝑥 − 1)−2 dx 

= −
1

𝑥 − 1
+ 𝐶 

19) ∫
𝑥

𝑥2−4𝑥−5
 𝑑𝑥 

𝑥2 − 4𝑥 − 5 = (𝑥 − 5)(𝑥 + 1) 

= ∫
5

6(𝑥 − 5)
+

1

6(𝑥 + 1)
𝑑𝑥 

=
5

6
 𝐼𝑛 |𝑥 − 5| +

1

6
𝐼𝑛 + 𝐶 

20) ∫
(2𝑥+41)

𝑥2−5𝑥−14
 𝑑𝑥 

𝑥2 + 5𝑥 − 14 = (𝑥 + 7)(𝑥 − 2) 

= 3𝐼𝑛 |𝑥 + 7| − 𝐼𝑛 |𝑥 − 2| + 𝐶 
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21) ∫
𝑥

(𝑥−1)(𝑥+1)2
 𝑑𝑥 

=
𝐴

𝑥 − 1
+ 

𝐵

𝑥 + 1
+

𝐶

(𝑥 + 1)2
  

=
1

4
𝐼𝑛 |𝑥 − 1| +

3

4
 𝐼𝑛 |𝑥 + 1| +

1

2(𝑥 + 1)
+ 𝐶 

 

 9.4Integration by Trigonometric Substitution : 

In this section, we see how to integrate expressions like and 

√𝑎2 − 𝑢2 , √𝑎2 + 𝑢2   , 𝑎𝑛𝑑 √𝑢2 − 𝑎2  

depending on the function we need to integrate, we substitute one of the 

following trigonometric expressions to simplify the integration: 

• For  √𝑎2 − 𝑢2  , 𝑢𝑠𝑒   𝑢 = 𝑎 𝑠𝑖𝑛𝜃 

• For√𝑎2 + 𝑢2  , 𝑢𝑠𝑒   𝑢 = 𝑎 𝑡𝑎𝑛𝜃 

• For√𝑢2 − 𝑎2  , 𝑢𝑠𝑒   𝑢 = 𝑎 𝑠𝑒𝑐𝜃 
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Examples: Evaluate the following integrals:  

1) ∫
𝑑𝑥

√9−𝑥2
= ? 

∵  √9 − 𝑥2  ≡ √𝑎2 − 𝑢2  𝑤𝑒 𝑢𝑠𝑒   𝑢 = 𝑎 𝑠𝑖𝑛𝜃 

∵ 𝑎 = 3 𝑎𝑛𝑑 𝑢 = 𝑥 ⟹ 𝑥 = 3𝑠𝑖𝑛𝜃 

⟹  𝜃 = 𝑠𝑖𝑛−1 (
𝑥

3
)  𝑎𝑛𝑑 𝑑𝑥 = 3 cos 𝜃𝑑𝜃 

∴ √9 − 𝑥2 =  √9 − (3 sin 𝜃)2 =  

= √9(1 − 𝑠𝑖𝑛2𝜃) = 3√1 − 𝑠𝑖𝑛2𝜃 = 3√𝑐𝑜𝑠2 𝜃 = 3 cos 𝜃 = 3 cos 𝜃 

∴  
𝑑𝑥

√9−𝑥2 
=  ∫

3 cos 𝜃𝑑𝜃

3 cos 𝜃
=  ∫ 𝑑𝜃 = 𝜃 + 𝐶 = 𝑠𝑖𝑛−1  (

𝑥

3
) + 𝐶 

 

2) ∫
𝑑𝑥

√25+𝑥2
= ? 

∵  √25 + 𝑥2  ≡ √𝑎2 + 𝑢2  𝑤𝑒 𝑢𝑠𝑒   𝑢 = 𝑎 𝑡𝑎𝑛𝜃 

∵ 𝑎 = 5 𝑎𝑛𝑑 𝑢 = 𝑥 ⟹ 𝑥 = 5𝑡𝑎𝑛𝜃 

⟹  𝜃 = 𝑡𝑎𝑛−1 (
𝑥

5
)  𝑎𝑛𝑑 𝑑𝑥 = 5 sec 𝜃𝑑𝜃 

∴ √25 + 𝑥2 =  √25 − (5 tan 𝜃)2 =  √25 + 25𝑡𝑎𝑛2𝜃  

= √25(1 + 𝑡𝑎𝑛2𝜃) = 5√1 + 𝑡𝑎𝑛2𝜃 = 5√𝑠𝑒𝑐2 𝜃 = 5 sec 𝜃 = 5 sec 𝜃 

∴  ∫
𝑑𝑥

√25 + 𝑥2 
=  ∫

5 𝑠𝑒𝑐2 𝜃𝑑𝜃

5 sec 𝜃
=   ∫ sec 𝜃𝑑𝜃 

= 𝐼𝑛 |𝑠𝑒𝑐 𝜃 + 𝑡𝑎 𝑛 𝜃|+𝐶 = 𝐼𝑛|
√25+𝑥2 

5
+

5

𝑥
| + 𝐶 
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3) ∫
𝑑𝑥

𝑥√𝑥2−16 
= ? 

∵  √𝑥2 − 16  ≡ √𝑢2 − 𝑎2  𝑤𝑒 𝑢𝑠𝑒   𝑢 = 𝑎 𝑠𝑒𝑐𝜃 

∵ 𝑎 = 4 𝑎𝑛𝑑 𝑢 = 𝑥 ⟹ 𝑥 = 4𝑠𝑒𝑐𝜃 

⟹  𝜃 = 𝑠𝑒𝑐−1 (
𝑥

4
)  𝑎𝑛𝑑 𝑑𝑥 = 4 sec 𝜃 tan 𝜃 𝑑𝜃 

∴ √𝑥2 − 16 =  √(4 sec 𝜃)2 − 16 =  √16 𝑠𝑒𝑐2 𝜃 − 16 

= √16(𝑠𝑒𝑐2𝜃 − 1)   = 4√𝑠𝑒𝑐2 − 1 = 4√𝑡𝑎𝑛2 𝜃 = 4 tan 𝜃 

∴  ∫
𝑑𝑥

𝑥√𝑥2−16 
=  ∫

4 sec 𝜃 tan 𝜃𝑑𝜃

4𝑠𝑒𝑐𝜃∗4 tan 𝜃
=

1

4
 ∫ 𝑑𝜃 =

1

4
𝜃 + 𝐶 =

1

4
𝑠𝑒𝑐−1  (

𝑥

4
) + 𝐶 

 

Problems(9.4): Evaluate the following integrals: 

1) ∫
𝒅𝒙

√𝟏+𝟒𝒙𝟐 
 

∫
𝒅𝒙

√𝟏 − 𝒂𝟐 − 𝒙𝟐 
=  

𝟏

𝒂
𝐬𝐢𝐧−𝟏(𝒂𝒙) + 𝑪 

∫
𝒅𝒙

√𝟏 + 𝟒𝒙𝟐  
=

𝟏

𝟐
𝐬𝐢𝐧−𝟏(𝟐𝒙) + 𝑪 

2) ∫
𝒅𝒙

√𝟒+𝒙𝟐 
= 𝑰𝒏 |𝒙 + √𝟒 + 𝒙𝟐 | + 𝒄 

3) ∫
𝒅𝒙

√𝟒−(𝒙−𝟏)𝟐 
= 

4=x-1=0 d = dx 

= ∫
𝒅𝒖

√𝒙 − 𝟏
= 𝐬𝐢𝐧−𝟏(

𝟒

𝟐
) = 𝐬𝐢𝐧−𝟏(

𝒙 − 𝟏

𝟐
) + 𝑪 

4) ∫
𝒙𝒅𝒙

𝟒+𝒙𝟐
                      ,    𝒅𝒖 = 𝟐𝒙𝒅𝒙  

𝑿𝒅𝒙 = 𝒅𝒖 
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∫
𝟏

𝒖
 .  

𝟏

𝟐
 𝒅𝒖 =

𝟏

𝟐
 ∫

𝒅𝒖

𝒖
  

=
𝟏

𝟐
 𝑰𝒏 |𝟒| + 𝑪  

=
𝟏

𝟐
 𝑰𝒏(𝟒 + 𝒙𝟐) + 𝑪 

5) ∫
(𝒙+𝟏)𝒅𝒙

√𝟒−𝒙𝟐
 

∫
𝒙𝒅𝒙 

√𝟒 − 𝒙𝟐
+ 

𝒅𝒙

√𝟒 − 𝒙𝟐
 

∫
𝒙𝒅𝒙 

√𝟒 − 𝒙𝟐
 

𝟒 = 𝟒 − 𝒙𝟐 = 𝒅𝒖 = −𝟐𝒙𝒅𝒙 

𝑿𝒅𝒙 = −
𝟏

𝟐
 𝒅𝒖 

= −
𝟏

𝟐
 ∫

𝒅𝒖

√𝟒
=

𝟏

𝟐
 (𝟐√𝟒) = −√𝟒 − 𝒙𝟐 

∫
𝒅𝒙

√𝟒 − 𝒙𝟐
= 𝐬𝐢𝐧−𝟏(

𝒙

𝟐
) 

= −√𝟒 − 𝒙𝟐 + 𝐬𝐢𝐧−𝟏(
𝒙

𝟐
) + 𝑪 

6) ∫
𝒅𝒙

√(𝟗−𝒙𝟐)
𝟑
𝟐 

  

∫
𝒅𝒙

√(𝒂𝟐 − 𝒙𝟐)
𝟑
𝟐 

=  
𝒙

𝒂𝟐 √𝒂𝟐− − 𝒙𝟐
+ 𝑪 

a=3 
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=
𝒙

𝟗√𝟗 − 𝒙𝟐 
+ 𝑪 

7) ∫
𝒙𝒅𝒙

√𝟏𝟔−𝒙𝟐 
 

𝟒 = 𝟏𝟔 − 𝒙𝟐  → 𝒅𝒖 = −𝟐𝒙𝒅𝒙  

𝑿𝒅𝒙 = −
𝟏

𝟐
 𝒅𝒖 

= −
𝟏

𝟐
∫

𝒅𝒖

√𝟒 
 = √𝟏𝟔 − 𝒙𝟐 + 𝑪 

8) ∫
𝒅𝒙

√(𝒙𝟐+𝟏)𝟐
 

√(𝒙𝟐 + 𝟏)𝟐 = 𝒙𝟐 + 𝟏  

= ∫
𝒅𝒙

𝒙𝟐 + 𝟏 
 =  𝐭𝐚𝐧−𝟏(𝒙) + 𝑪  


