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10.3 Area Under a Curve

The area under a curve between two points can be found by doing a definite
integral between the two points. To find the area under the curve

y = f(x) between x = a and x = b, integrate y = f(x) between the limits
of a and b.

b
Area = f f(x)dx
= y=fx)

Remark: If the area is above x-axis, then the area is positive, and if the area
under the x-axis, the area is negative, so we should change the sign to
positive value by adding a negative sign or by taking the absolute value.

b
Area = -ff(x) dx

r=4 x=h




Remark: To avoid the negative value, we will take the absolute value:

Area =

J i:b f(x)dx

Example (1): Find the area bounded by y = x? and x = 1 and x = 3?

Solution:
x=3
Area = j x? dx
x=1
x3 x=3
5
x=1
32 13
373
=9 1| _ 82 unit
= 3| = 83 uni
Example (2): Find the total area between the curve y = x3 and x = —2 and
x =27
Solution: If we simply integrated x3 between x = —2 and x = 2, we would
get:
fz s [T _16_16_
I 7 R
-2

So, instead we have to split the graph up and do two separate integrals:

0 x41°
A = j x3 dx —
_2 41,

=10—4| =4




A2=

=14—-0| =4

2 x4 2
jx3 dx [—]
0 4 0

Hence, Area = A; + A, = 4 + 4 = 8 unit®

Example (3): Find the area bounded by the line x + y = 1 and the
coordinate axes?

Solution: Note: The handwriting in the solution provided in the image
changes the equation to x +y = 2. Following the image’s calculation:

x+ty=2=>y=2—x
x=0=y=2=(02)
y=0=>x=2= (2,0)

2

2 X2
Area = j (2 —x)dx| = [2x—7 = |(4 —2) — 0| = 2 unit?
0 0
Solution for the original question (x +y = 1):
y=1-—x

1 x2]" 1 1
Area = j(l—x)dx =|(|lx —— =|1—— = — unit®

0 2|, 2l 2




Another way:
vX+y=2=>x=2-y
x=0=>y=2=(02)

y=2
Area = j 2-y) dy‘
y=0
_ 2 y:Z
— Zy S
L y:O
22
= (2 —7)— (o—o>‘
= |4 — 2| = 2 unit?

Problems (10.3):

1) Find the total area bounded by the curve y = x3 — 4x and x-axis.
x3—4x=0=>x(x—-2)(x+2)=0=>x=0,2,-2

Area = |f_02(x3 — 4x) dx| + |f02(x3 — 4x) dx|

7o | -],
— — 2x? — — 2x2

[ 4 -2 4 0

2) Find the area bounded by y = 4 — x? and x-axis.

— 8

4—x2=0=x=+2

f2(4 2) 4 4 l —|<8 8) (8+8>|
D x 7). |" 3 3

= + = |-(4—8)|+|(4—8)| =4 +4

Area =




3) Find the area bounded by x = y? — y3 and y-axis.
yi-y?=0=y*1-y)=0=y=01

[y3 y‘T _|1 1 1
3 4|
0

4) Find the area bounded by Vx + \/; = 1 and the two axes.

3 4] 12
ﬁzl—ﬁ:yz(l—\/})z:1—2\/§+x(Limits:x=0tox=
1)

Area =

1
j o=y dy‘ =
0

_|1 4+1|
B 3 2

1
Area = j (1—2x1/2+x)dx =
0

1

4 x>
— _43/2 4
[x 3x +2

0

5) Prove that the area under one curve of y = sin(x) equals to 2 units®.
One arch of sin(x) is from x = 0 to x = 7:

Area = jnsin (x)dx = [—cos(x)]T = —cos(m) — (—cos(0))
= —(-D+1=2

6) Find the area bounded by y = x? — 4x and x-axis.
X’ —4x=0=>x(x—-4)=0=>x=04

3 4
X
— — 2x2

0

32| 32

=|—=32l=|-—
532 =|-31=3

Area =

j4(x2 — 4x) dx

7) Find the area bounded by x = 8 — 2y — y? and y-axis.
8—2y—y2=0=>-(@+4)(y—-2)=0=>y=-42

Area = |f_24(8 —2y—y%) dy| = |[83’ —y' - y?s]:

(16— 4 8 216 64>|_28 <8O>|_108_36
_|< 3) ( T3 T3 3)|7 3




10.4 Area Between Two Curves

In this section we are going to look at finding the area between two curves.
There are actually two cases that we are going to be looking at.

In the first case we want to determine the area between y = f(x) and y =
g(x) on the interval [a, b]. We are also going to assume that f(x) =
g(x). Take a look at the following sketch to get an idea of what we’re
initially going to look at.

Y
A

y = f(x)

/>x

b
: Y= 8(1\_‘//

XxX=b
|16 - geoax

xX=a

Area =

The second case is almost identical to the first case. Here we are going to
determine the area between x = f(y) and x = g(y) on the interval [c, d]

with f(y) = g(¥).

[f () —gO)] dy‘




_ Find the area between the curve y = 2 — x2 and the line y =
—x?

y1=y, =2—x*=—x
=x?2—-x—-2=0

= x—-2)(x+1)=0=x=2andx = —1 ik

Area =

f Q) - g()]dx

x=-1

|| 1e-x- e

x=-1

x=2
= j [2 —x% +x]dx

x=-1

Dy — 4
X—3t3

x=-1

—(4 8+z) (2+1+1)|
N 3 3 2

10 7|_|20+7|_27 2
3 ( )_ 6 | 6 O

x=2
[ x3  x?

6




Example (2): Find the area of the triangular shaped region in the first
quarter bounded by the y-axis and the curves y = sin(x) and y = cos(x)?

Solution:

Y1 =2

— cos(x) = sin(x) —f—7

|
el # \T
) N
I

f [f(x) — g(x)] dx
x=0

INE!

Area =
T

X=Z

= j [cos(x) — sin(x)] dx

x=0

T
X=7
x=0

= |[sin(x) + cos(x)]

= <sin (%) + cos (%)) — (sin(0) + COS(O))‘

(\/—15+\/%)—(0+1)|
= /2 — 1 units®



Example (3): Find the area bounded between the two curves y = x? and
y = |x|?

Solution:
y1 =y, = |x| = x?

- Vx2 = x?

S>xt=x*ox?—x*=0

A

- xz(l - XZ) =0 1 0.5 0 0.5
> x’1-x)1+x)=0 \ /

x>=0=x=0-(0,0)

x+1)=0=>x=-1-(-1,1)

x=0 0 2 370
Al = j _ - g@ldx| = j [-x =] ax =”—%—%]_1
1 -1 1 1 1
=|°‘(‘z‘?)|: 273173
A2 = [F(x) — g(0)] dx| = f [x — x?] dx| = ["7—%]0

11 0_1 1 1
_|(2 3) |_2 3l " 6

A —A1+A2—1+1—2—1 its?
rea = _6 6—6—3ur11ts




- Find the area bounded between curve y = x—lz and the two lines y =
landy = 3?

Solution:

1
y=;

y=3

[f) —g®)] dy|

y=1

3
=2 f y~ 2 dy‘
1
1/2],
3
=22y,
= 4(V3 -1)
= 4(\/§ - 1) units®

=2




Problems (10.4):
1) Find the area bounded by the curve y = v/x and the line y = x:

Vi=x=x=x*=x(x-1)=0=x=0,1.

' 2 1 78 2 1 1
A = — d =[— 3/2 _ _ 2] - __ == -tZ
rea fo(& Wax = [5x2 —52| =Z-5=7 wnis
2) Find the area bounded by the curve y = x3 and lines x = —1 and x =
—3:
4 ‘f_lgd Y 0 [ 81—|20|—20 its?
rea = _3x x| = 4_3—4 2| = = 20 units

3) Find the area bounded by the curve y = x —x?and y = x% — x:

x—x2=x?—-x=>2x?-2x=0=2x(x—-1)=0=x=0,1.

Area = fol[(x —x2) = (x2 —x)]dx = f01(2x —2x%) dx

4) Find the area bounded by the curve x = 4y — y? — 3 and line x =
-3:

—3=4y—y?-3=y2—-4y=0=y(y—4)=0=y =04

Area = f04[(4y —y?—=3)—(-3)]dy = f04(4y —y¥)dy =

4
2 _ 1,31 =328 _32 |hits?
[Zy 3)1]0—32 S = 5 units



5) Find the area bounded by the curve y = x3 and y = x in the first

quarter:

x3=x = x(x?*—-1) = 0= x = 0,1 (first quarter).
1
1 units®

6) Find the area bounded by the curve y i and linesy =2 and y = 3:

X = % Area = f;%dy = [lnlyl]g = 11’1(3) — 111(2) = 111(15) unitsz

7) Find the area bounded by the curve y = e*, y = e ™™ and lines y = 2
and y = 4:

Intersection of curves is at x = 0. Rewrite as x = In(y) and x = —In(y).

Area = [[In(y) - (-In®)]dy = 2 [, In (y)dy = 2[yln(y) — y]} =
2[(4In4 — 4) — (2In2 — 2)] = 2[8In2 — 4 — 2In2 + 2] = 12In2 — 4 units?

8) Find the area bounded by the curvey = x> + 2 and y = x + 5:

. ¥
Intersect10n:x2+2=x+5=>x2—x—3=0=>x=1_;/ﬁ.Area=

1+/13 1+13
Sz [(x+5) — (2 +2)]dx = [,_2;(—x* +x +3)dx =
2 2

1+v13

x3  x? 2 13V13 .. 2
[—? + 5 + 3x]1_\/E =— units
2




