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8.3 Integrals of Inverse Trigonometric Functions 

We can derive all the integration forms from our derivatives forms as 

follows: 

1) 
𝑑

𝑑𝑢
sin−1(𝑢) =

1

√1−𝑢2
⟹ ∫

1

√1−𝑢2
𝑑𝑢 = sin−1(𝑢) + 𝐶 

2) 
𝑑

𝑑𝑢
cos−1(𝑢) = −

1

√1−𝑢2
⟹ ∫

1

√1−𝑢2
𝑑𝑢 = −cos−1(𝑢) + 𝐶 

3) 
𝑑

𝑑𝑢
tan−1(𝑢) =

1

1+𝑢2
⟹ ∫

1

1+𝑢2
𝑑𝑢 = tan−1(𝑢) + 𝐶 

4) 
𝑑

𝑑𝑢
cot−1(𝑢) = −

1

1+𝑢2
⟹ ∫

1

1+𝑢2
𝑑𝑢 = −cot−1(𝑢) + 𝐶 

5) 
𝑑

𝑑𝑢
sec−1(𝑢) =

1

|𝑢|√𝑢2−1
⟹ ∫

1

|𝑢|√𝑢2−1
𝑑𝑢 = sec−1(𝑢) + 𝐶 

6) 
𝑑

𝑑𝑢
csc−1(𝑢) = −

1

|𝑢|√𝑢2−1
⟹ ∫

1

|𝑢|√𝑢2−1
𝑑𝑢 = −csc−1(𝑢) + 𝐶 

 

Examples: Evaluate the following integrals: 

1) ∫
𝑑𝑥

√1−4𝑥2
 

 =
1

2
sin−1(2𝑥) + 𝐶 or −

1

2
cos−1(2𝑥) + 𝐶 

2) ∫
𝑑𝑡

1+𝑡2
  

= tan−1(𝑡) + 𝐶 or −cot−1(𝑡) + 𝐶 

3) ∫
𝑑𝑥

𝑥√4𝑥2−1
  

= ∫
2𝑑𝑥

2𝑥√(2𝑥)2−1
 = sec−1|2𝑥| + 𝐶 or −csc−1|2𝑥| + 𝐶 

4) ∫
−𝑑𝑥

√4−25𝑥2
 = ∫

−𝑑𝑥

√4(1−
25

4
𝑥2)

 = ∫
−𝑑𝑥

2√1−(
5

2
𝑥)

2
  

= −
1

2
⋅
2

5
∫

5

2
𝑑𝑥

√1−(
5

2
𝑥)

2
  

= −
1

5
sin−1 (

5

2
𝑥) + 𝐶 or 

1

5
cos−1 (

5

2
𝑥) + 𝐶 



5) ∫
cos(𝑥)𝑑𝑥

√1−sin2(𝑥)
  

= sin−1(sin(𝑥)) + 𝐶  

= 𝑥 + 𝐶 

6) ∫
tan−1(𝑥)

1+𝑥2
𝑑𝑥  

= ∫ tan−1(𝑥) ⋅ (
𝑑𝑥

1+𝑥2
)  

=
(tan−1(𝑥))

2

2
+ 𝐶 

7) ∫
√sec−1(𝑥)

𝑥√𝑥2−1
𝑑𝑥  

= (sec−1(𝑥))
1

2 ⋅ (
1

𝑥√𝑥2−1
) 𝑑𝑥  

=
(sec−1(𝑥))

3
2

3

2

+ 𝐶 =
2

3
(sec−1(𝑥))

3

2 + 𝐶 

 

Problems (8.3) : 

1) ∫
1

√1−(2+9𝑧)2
𝑑𝑧 =

1

9
𝑠𝑖𝑛−1(2 + 9𝑧) + 𝐶 

2) ∫ 𝑑(𝑐𝑠𝑐−1(𝑡)) = 𝑐𝑠𝑐−1(𝑡) + 𝐶 

3) ∫
𝑥

1+16𝑥4
𝑑𝑥 =

1

8
𝑡𝑎𝑛−1(4𝑥2) + 𝐶 

4) ∫ (𝑐𝑜𝑠
1

2(𝑥)𝑠𝑖𝑛(𝑥) −
13

1+𝑥2
)𝑑𝑥 = −

2

3
𝑐𝑜𝑠

3

2(𝑥) − 13𝑡𝑎𝑛−1(𝑥) + 𝐶 

5) ∫
𝑥

9𝑥4+𝑥2
𝑑𝑥 = ∫

1

9𝑥3+𝑥
𝑑𝑥 ⟹

1

2
𝑙𝑛|𝑥2| −

1

2
𝑙𝑛|9𝑥2 + 1| + 𝐶 

6) ∫
3

16𝑧2+4
𝑑𝑧 =

3

8
𝑡𝑎𝑛−1(2𝑧) + 𝐶 

7) ∫
𝑠𝑒𝑐2(𝑥)

√1−𝑡𝑎𝑛2(𝑥)
𝑑𝑥 = 𝑠𝑖𝑛−1(𝑡𝑎𝑛(𝑥)) + 𝐶 



8) ∫
(𝑠𝑖𝑛−1(𝑥))

2

√1−𝑥2
𝑑𝑥 =

(𝑠𝑖𝑛−1(𝑥))
3

3
+ 𝐶 

9) ∫
𝑠𝑖𝑛(𝑡𝑎𝑛−1(𝑥))

1+𝑥2
𝑑𝑥 = −𝑐𝑜𝑠(𝑡𝑎𝑛−1(𝑥)) + 𝐶 

10) ∫
1

1+25𝑥2
𝑑𝑥 =

1

5
𝑡𝑎𝑛−1(5𝑥) + 𝐶 

11) ∫
−1

√1−16𝑤2
𝑑𝑤 = −

1

4
𝑠𝑖𝑛−1(4𝑤) + 𝐶 

12) ∫ 𝑑(𝑠𝑒𝑐−1(𝑡)) = 𝑠𝑒𝑐−1(𝑡) + 𝐶 

13) ∫
−3𝑡

9𝑡4+9
𝑑𝑡 = −

1

6
𝑡𝑎𝑛−1(𝑡2) + 𝐶 

14) ∫ (𝑐𝑜𝑠3(2𝑥)𝑠𝑖𝑛(2𝑥) −
𝑥3

𝜋
) 𝑑𝑥 = −

1

8
𝑐𝑜𝑠4(2𝑥) −

𝑥4

4𝜋
+ 𝐶 

15) ∫
1

25+𝑡2
𝑑𝑡 =

1

5
𝑡𝑎𝑛−1 (

𝑡

5
) + 𝐶 

16) ∫
1

81𝑤2+9
𝑑𝑤 =

1

27
𝑡𝑎𝑛−1(3𝑤) + 𝐶 

17) ∫
𝑠𝑒𝑐2(𝑥)

√1−𝑡𝑎𝑛2(𝑥)
𝑑𝑥 = 𝑠𝑖𝑛−1(𝑡𝑎𝑛(𝑥)) + 𝐶 

18) ∫
(𝑐𝑜𝑠−1(2𝑧))

2

√1−4𝑧2
𝑑𝑧 = −

1

6
(𝑐𝑜𝑠−1(2𝑧))

3
+ 𝐶 

19) ∫
𝑠𝑖𝑛(𝑠𝑖𝑛−1(3𝑥))

√1−9𝑥2
𝑑𝑥 = ∫

3𝑥

√1−9𝑥2
𝑑𝑥 = −

1

3
√1 − 9𝑥2 + 𝐶 

20) ∫
−𝜋

3+27𝑡2
𝑑𝑡 = −

𝜋

9
𝑡𝑎𝑛−1(3𝑡) + 𝐶 

 

 

 



8.4 Integrals of Logarithmic Functions 

 

𝑑

𝑑𝑢
ln(𝑢) =

1

𝑢
𝑑𝑢 ⟹ ∫

1

𝑢
𝑑𝑢 = ln|𝑢| + 𝐶, 𝑢 ≠ 0 

 

Examples: Evaluate the following integrals: 

1) ∫
2

𝑥
𝑑𝑥 = 2∫

1

𝑥
𝑑𝑥 = 2𝑙𝑛|𝑥| + 𝐶 

2) ∫ (
3

𝑥2
+

5

𝑥
) 𝑑𝑥 = 3∫ 𝑥−2𝑑𝑥 + 5∫

1

𝑥
𝑑𝑥  

= 3
𝑥−1

−1
+ 5𝑙𝑛|𝑥| + 𝐶 =

−3

𝑥
+ 5𝑙𝑛|𝑥| + 𝐶 

3) ∫
𝑥

(2𝑥2+3)
𝑑𝑥 =

1

4
∫

4𝑥

(2𝑥2+3)
𝑑𝑥 =

1

4
𝑙𝑛|2𝑥2 + 3| + 𝐶 

4) ∫
𝑙𝑛(𝑥)

𝑥
𝑑𝑥 = ∫ 𝑙𝑛(𝑥) ⋅

1

𝑥
𝑑𝑥 =

(𝑙𝑛(𝑥))
2

2
+ 𝐶 

5) ∫
1

𝑥𝑙𝑛(𝑥)
𝑑𝑥 = ∫

1

𝑥

𝑙𝑛(𝑥)
𝑑𝑥 = 𝑙𝑛|𝑙𝑛(𝑥)| + 𝐶 

6) ∫
𝑒𝑥

1+2𝑒𝑥
𝑑𝑥 =

1

2
∫

2𝑒𝑥

1+2𝑒𝑥
𝑑𝑥 =

1

2
𝑙𝑛|1 + 2𝑒𝑥| + 𝐶 

7) ∫
𝑠𝑒𝑐2(𝑥)

𝑡𝑎𝑛(𝑥)
𝑑𝑥 = 𝑙𝑛|𝑡𝑎𝑛(𝑥)| + 𝐶 

8) ∫
𝑠𝑒𝑐(2𝑥)𝑡𝑎𝑛(2𝑥)

𝑠𝑒𝑐(2𝑥)
𝑑𝑥 =

1

2
∫

2𝑠𝑒𝑐(2𝑥)𝑡𝑎𝑛(2𝑥)

𝑠𝑒𝑐(2𝑥)
𝑑𝑥 = 𝑙𝑛|𝑠𝑒𝑐(2𝑥)| + 𝐶 

9) ∫ 𝑡𝑎𝑛(𝑢)𝑑𝑢 = −∫
−𝑠𝑖𝑛(𝑢)

𝑐𝑜𝑠(𝑢)
𝑑𝑢 = −𝑙𝑛|𝑐𝑜𝑠(𝑢)| + 𝐶 

10) ∫ 𝑐𝑜𝑡(𝑢)𝑑𝑢 = ∫
𝑐𝑜𝑠(𝑢)

𝑠𝑖𝑛(𝑢)
𝑑𝑢 = 𝑙𝑛|𝑠𝑖𝑛(𝑢)| + 𝐶 

 



11) ∫ 𝑠𝑒𝑐(𝑢)𝑑𝑢 = ∫ 𝑠𝑒𝑐(𝑢)
𝑠𝑒𝑐(𝑢)+𝑡𝑎𝑛(𝑢)

𝑠𝑒𝑐(𝑢)+𝑡𝑎𝑛(𝑢)
𝑑𝑢 = 𝑙𝑛|𝑠𝑒𝑐(𝑢) + 𝑡𝑎𝑛(𝑢)| + 𝐶 

= ∫ 𝑠𝑒𝑐(𝑢) ⋅
(𝑠𝑒𝑐(𝑢)+𝑡𝑎𝑛(𝑢))

(𝑠𝑒𝑐(𝑢)+𝑡𝑎𝑛(𝑢))
𝑑𝑢 = ∫

𝑠𝑒𝑐2(𝑢)+𝑠𝑒𝑐(𝑢)𝑡𝑎𝑛(𝑢)

𝑡𝑎𝑛(𝑢)+𝑠𝑒𝑐(𝑢)
𝑑𝑢  

= 𝑙𝑛|𝑡𝑎𝑛(𝑢) + 𝑠𝑒𝑐(𝑢)| + 𝐶 

12) ∫ 𝑐𝑠𝑐(𝑢)𝑑𝑢 = ∫ 𝑐𝑠𝑐(𝑢) ⋅
(𝑐𝑠𝑐(𝑢)+𝑐𝑜𝑡(𝑢))

(𝑐𝑠𝑐(𝑢)+𝑐𝑜𝑡(𝑢))
𝑑𝑢 = −∫ 𝑐𝑠𝑐(𝑢) ⋅

(−𝑐𝑠𝑐(𝑢)−𝑐𝑜𝑡(𝑢))

(𝑐𝑠𝑐(𝑢)+𝑐𝑜𝑡(𝑢))
𝑑𝑢 = −∫

𝑐𝑠𝑐2(𝑢)+𝑐𝑠𝑐(𝑢)𝑐𝑜𝑡(𝑢)

𝑐𝑜𝑡(𝑢)+𝑐𝑠𝑐(𝑢)
𝑑𝑢  

= −𝑙𝑛|𝑐𝑜𝑡(𝑢) + 𝑐𝑠𝑐(𝑢)| + 𝐶 

 

Problems (8.4): Evaluate the following integrals: 

1) ∫
1

𝑥−3
𝑑𝑥 = 𝑙𝑛|𝑥 − 3| + 𝐶 

2) ∫
𝑑𝑥

𝑥⋅𝑙𝑛5(𝑥)
= ∫ (𝑙𝑛(𝑥))

−5
⋅
1

𝑥
𝑑𝑥 =

(𝑙𝑛(𝑥))
−4

−4
+ 𝐶 

3) ∫
𝑥𝑑𝑥

4𝑥2+1
=

1

8
∫

8𝑥

4𝑥2+1
𝑑𝑥 =

1

8
𝑙𝑛(4𝑥2 + 1) + 𝐶 

4) ∫
2𝑥−5

𝑥
𝑑𝑥 = ∫ (2 −

5

𝑥
) 𝑑𝑥 = 2𝑥 − 5𝑙𝑛|𝑥| + 𝐶 

5) ∫
𝑐𝑜𝑠(𝑥)

𝑠𝑖𝑛(𝑥)
𝑑𝑥 = 𝑙𝑛|𝑠𝑖𝑛(𝑥)| + 𝐶 

6) ∫
𝑠𝑖𝑛(𝑥)

2−𝑐𝑜𝑠(𝑥)
𝑑𝑥 = 𝑙𝑛|2 − 𝑐𝑜𝑠(𝑥)| + 𝐶 

7) ∫
𝑥

1−𝑥2
𝑑𝑥 = −

1

2
∫

−2𝑥

1−𝑥2
𝑑𝑥 = −

1

2
𝑙𝑛|1 − 𝑥2| + 𝐶 



8) ∫
𝑙𝑛2(𝑥)

𝑥
𝑑𝑥 = ∫ (𝑙𝑛(𝑥))

2
⋅
1

𝑥
𝑑𝑥 =

𝑙𝑛3(𝑥)

3
+ 𝐶 

9) ∫
5𝑑𝑥

√1−9𝑥2
= 5∫

1

√1−(3𝑥)2
𝑑𝑥 =

5

3
𝑠𝑖𝑛−1(3𝑥) + 𝐶 

10) ∫
𝑥+10

𝑥2
𝑑𝑥 = ∫ (

1

𝑥
+ 10𝑥−2)𝑑𝑥 = 𝑙𝑛|𝑥| −

10

𝑥
+ 𝐶 

11) ∫
𝑦2+2𝑦+1

(𝑦+1)3
𝑑𝑦 = ∫

(𝑦+1)2

(𝑦+1)3
𝑑𝑦 = ∫

1

𝑦+1
𝑑𝑦 = 𝑙𝑛|𝑦 + 1| + 𝐶 

12) ∫
𝑑𝑥

2−3𝑥
= −

1

3
𝑙𝑛|2 − 3𝑥| + 𝐶 

13) ∫
𝑥2

4−𝑥3
𝑑𝑥 = −

1

3
𝑙𝑛|4 − 𝑥3| + 𝐶 

14) ∫
𝑥

𝑥+1
𝑑𝑥 = ∫

𝑥+1−1

𝑥+1
𝑑𝑥 = ∫ (1 −

1

𝑥+1
)𝑑𝑥 = 𝑥 − 𝑙𝑛|𝑥 + 1| + 𝐶 

15) ∫ (
𝑥
3
2

4𝑥
5
2

+ 6)𝑑𝑥 = ∫ (
1

4𝑥
+ 6)𝑑𝑥 =

1

4
𝑙𝑛|𝑥| + 6𝑥 + 𝐶 

16) ∫
𝑠𝑖𝑛(𝜃)

1+7𝑐𝑜𝑠(𝜃)
𝑑𝜃 = −

1

7
𝑙𝑛|1 + 7𝑐𝑜𝑠(𝜃)| + 𝐶 

17) ∫
𝑑𝑠

𝑡𝑎𝑛−1(𝑠)+𝑠2𝑡𝑎𝑛−1(𝑠)
= ∫

1

𝑡𝑎𝑛−1(𝑠)(1+𝑠2)
𝑑𝑠 = 𝑙𝑛|𝑡𝑎𝑛−1(𝑠)| + 𝐶 

18) ∫
𝑙𝑛(𝑥)

4𝑥𝑙𝑛(2)
𝑑𝑥 =

1

4𝑙𝑛(2)
∫

𝑙𝑛(𝑥)

𝑥
𝑑𝑥 =

(𝑙𝑛(𝑥))
2

8𝑙𝑛(2)
+ 𝐶 

19) ∫
𝑤2+2𝑤−1

𝑤+4
𝑑𝑤 = ∫ (𝑤 − 2 +

7

𝑤+4
) 𝑑𝑤 =

𝑤2

2
− 2𝑤 + 7𝑙𝑛|𝑤 + 4| + 𝐶 

20) ∫
𝑙𝑛(3)𝑐𝑜𝑠(𝑥)

−5−𝑠𝑖𝑛(𝑥)
𝑑𝑥 = −𝑙𝑛(3)𝑙𝑛|−5 − 𝑠𝑖𝑛(𝑥)| + 𝐶 

 



8.5 Integrals of General Logarithmic Function 

𝑑

𝑑𝑢
log𝑎(𝑢) =

1

𝑢 ⋅ ln(𝑎)
𝑑𝑢 ⟹ ∫

1

𝑢 ⋅ ln(𝑎)
𝑑𝑢 = log𝑎(𝑢) + 𝐶 

where 𝑎 > 0 and 𝑎 ≠ 1 (i.e., ln(𝑎) ≠ 0) 

 

Examples: Evaluate the following integrals: 

1) ∫
𝑥

𝑥2𝑙𝑛5
𝑑𝑥 =

1

2
∫

2𝑥

𝑥2𝑙𝑛5
𝑑𝑥 =

𝟏

𝟐
𝒍𝒐𝒈𝟓(𝒙

𝟐) + 𝑪 

2) ∫
𝑐𝑜𝑠(3𝑡)

𝑠𝑖𝑛(3𝑡)𝑙𝑛4
𝑑𝑡 =

1

3
∫

3𝑐𝑜𝑠(3𝑡)

𝑠𝑖𝑛(3𝑡)𝑙𝑛4
𝑑𝑡 =

𝟏

𝟑
𝒍𝒐𝒈𝟒(𝒔𝒊𝒏(𝟑𝒕)) + 𝑪 

3) ∫
1

(√1−𝑥2)𝑠𝑖𝑛−1(𝑥)𝑙𝑛3
𝑑𝑥 = 𝒍𝒐𝒈𝟑 (𝒔𝒊𝒏

−𝟏(𝒙)) + 𝑪 

4) ∫ (√𝑤 −
1

√1−4𝑤2𝑐𝑜𝑠−1(2𝑤)𝑙𝑛3
)𝑑𝑤 =

𝑤3/2

3/2
− ∫

1

√1−(2𝑤)2𝑐𝑜𝑠−1(2𝑤)𝑙𝑛3
𝑑𝑤 =

𝟐

𝟑
𝒘𝟑/𝟐 +

𝟏

𝟐
𝒍𝒐𝒈𝟑 (𝒄𝒐𝒔

−𝟏(𝟐𝒘)) + 𝑪 

 

Problems (8.5): Evaluate the following integrals: 

1) ∫
cos(𝑥)

sin(𝑥)ln3
𝑑𝑥 = 𝐥𝐨𝐠𝟑(𝐬𝐢𝐧(𝐱)) + 𝐂 

2) ∫
1

𝑒2𝑥ln3
⋅ 𝑒2𝑥𝑑𝑥 = ∫

1

ln3
𝑑𝑥 =

𝐱

𝐥𝐧𝟑
+ 𝐂 

3) ∫
1

𝑒sin(𝑥)ln7
⋅ 𝑒sin(𝑥)cos(𝑥)𝑑𝑥 = ∫

cos(𝑥)

ln7
𝑑𝑥 =

𝐬𝐢𝐧(𝐱)

𝐥𝐧𝟕
+ 𝐂 

4) ∫
1

1+𝑥2

tan−1(𝑥)ln11
𝑑𝑥 = 𝐥𝐨𝐠𝟏𝟏 (𝐭𝐚𝐧

−𝟏(𝐱)) + 𝐂 

5) ∫
𝑥3

𝑥4ln5
𝑑𝑥 =

1

4
∫

4𝑥3

𝑥4ln5
𝑑𝑥 =

𝟏

𝟒
𝐥𝐨𝐠𝟓(𝐱

𝟒) + 𝐂 

6) ∫
1

cos−1(𝑤)ln2

1

√1−𝑤2
𝑑𝑤 = −𝐥𝐨𝐠𝟐 (𝐜𝐨𝐬

−𝟏(𝐰)) + 𝐂 



7) ∫
1

cot−1(𝑥)ln4
⋅

1

1+𝑥2
𝑑𝑥 = −𝐥𝐨𝐠𝟒 (𝐜𝐨𝐭

−𝟏(𝐱)) + 𝐂 

8) ∫
1

2𝑡ln3
𝑑𝑡 =

1

2
∫

1

𝑡ln3
𝑑𝑡 =

𝟏

𝟐
𝐥𝐨𝐠𝟑(𝐭) + 𝐂 

9) ∫ (cos(4𝑧) −
1

√1−𝑧2sin−1(𝑧)ln2
) 𝑑𝑧 =

𝟏

𝟒
𝐬𝐢𝐧(𝟒𝐳) − 𝐥𝐨𝐠𝟐 (𝐬𝐢𝐧

−𝟏(𝐳)) + 𝐂 

10) ∫
sin(5𝑤)

cos(5𝑤)ln7
𝑑𝑤 = −

1

5
∫

−5sin(5𝑤)

cos(5𝑤)ln7
𝑑𝑤 = −

𝟏

𝟓
𝐥𝐨𝐠𝟕(𝐜𝐨𝐬(𝟓𝐰)) + 𝐂 


