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8.3 Integrals of Inverse Trigonometric Functions

We can derive all the integration forms from our derivatives forms as
follows:
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1) ——sin 1(u)=m=>fﬁdu=sm lwy+cC

2) %cos‘l(u) = — du =—cos™t(u) + C
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vV1i-u? f V1-u?

a -1 — 1
3) —tanTi(w) = — = [ —du=tan"'(u) +C
d -1 — 1 1
4) —-cot (u) = = ] v du = —cot ™ (u) + C

5) %sec‘l(u) = = du = sec Tw+C

1
|[ulvuz-1 = f |u|v

6) %csc‘l(u) = — du = —csc™t(u) +C

1 1
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lul[vuz-1 f lulvuz-1

Examplesz Evaluate the following integrals:
D f Vi-ax?
= —sin‘l(Zx) + C or —%cos‘l(Zx) +C

2) [ =

= tan‘l(t) + C or —cot™}(t) + C

N s

1+t2

4x2
— f L =sec™!|2x| + C or —csc™|2x| + C
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4) f —dx
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5)f cos(x)dx
v 1—sin2(x)

= sin™(sin(x)) + C
=x+C

6) ftan (x)d

1+x2

- Jari ()

=M+C

pE==crt

= (sec‘l(x))%- (x—11) dx

x2—
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(sec 1(x))

2

+C——(sec 1(x)) +C

Problems (8.3) :

1. -1
)IW z=sin (24+92)+C

2) [d(esc™(t)) = csc7 (@) + C

3/

yx=1 -1 2
ey —d x = _tan (4x“)+C

4) [ (COSZ(x)Sm(x) —
5)J
6)

)dx = ——COSZ(X) —13tan™*(x) + C

1+x2

dx = [ ——dx = ~In|x?| —~In|9x% + 1| + C
3+x 2 2

9x4+x2 9x

_3 -1
— 2+4 = Stan (2z)+C

sec?(x) .1
7 [ Nrermee dx = sin (tan(x)) +C



(sin"l(x))2 _ (Sin_l(x))3
8) f de =" 3 +C

sin(tan_l(x))

9 f

dx = —cos(tan™*(x)) + C

1+x2
1,
10) [ — ——dx=ctan 1(5x)+C
1 . 1
ll)fW w = —_sin (4w) +C

12) [ d(sec™(t)) = sec™*(t) + C

13) | oo gdt = ——tan-l(tz) +C

3 4
14) [ (cos3(2x)sin(2x) — x;) dx = —%cos4(2x) — :—n +C

1, -1t
5)f25+t2 —Stan (5)+C

16) [ _ 2—17tan—1(3w) +C

81w 2+9

sec?(x)

—_— = sin~ 1
17)fmdx sin (tan(x))+C

(cos 1(22))2 1 _ 3
18) [ ——dz ——g(cos 1(22))" + ¢

sm(sm 1(3x))

19) [

_ 3x __1 — 2
dx—fwdx— 3\/1 9x4 + C

__r -1
20) [ 3+27t2 =—5tan'(3t) + C



8.4 Integrals of Logarithmic Functions

d 1 1
—In(u)=-du= [ —du=Inju|+C, u#0
du u u

Examples: Evaluate the following integrals:
D[ )Z—Cdx =2f %dx =2Iln|x| +C

2) [ (;—2+§)dx=3fx‘2dx+5fidx

= 3x_—_1l+5ln|x|+C=_73+51n|x| +C

2 _l 2
3)f(2 2+3) f(z 3 dx = ln|2x* + 3| + C

) [ "2 dx = [ in(x) - Ldx = (l”(")) +C

1

dx = | lnfx) dx = In|in(x)| + C

5) [

xln(x)

6) [ =] =

=%ln|1+2ex| +C

1+Zex 1+2e*

7 f sec?(x)

p——— dx = In|tan(x)| + C

8) f sec(2x)tan(2x) do = %f 2sec(2x)tan(2x) dx = In|sec(2x)| + C

sec(2x) sec(2x)

9) [ tan(wW)du = —f RLLCPY = —In|cos(u)| + C

cos(u)

cos(u)

10) [ cot(W)du = | prarp

du = In|sin(u)| + C



sec(u)+tan(u)

11) [ sec(u)du = [ sec(u) = In|sec(u) + tan(u)| + C

sec(u)+tan(u)
_ . (sec(w)+tan(u)) _ sec?(w)+sec(w)tan(u)
o fsec(u) (sec(w)+tan(w)) o f tan(u)+sec(w)

= In|tan(u) + sec(u)| + C

_ . (csc(w)+cot(w)) _ .
12) [ esc(u)du = [ csc(u) (csct cot() [ csc(w)
(—csc(uw)—cot(w)) _ _f csc?(u)+csc(u)cot(uw) du
csc(u)+cot(u) - cot(u)+csc(u)
( )

= —In|cot(u) + csc(w)| + C

Problems (8.4): Evaluate the following integrals:

1)fﬁdx=ln|x—3|+€

) f B = [ (1nG0) L= U9

) === x =In(4x? +1) +C

4x24+1 4x2+1

4) [ Zxx_sdx=f (2—%)dx=2x—5ln|x|+€

5) f cos(x) dx = In|sin(x)| + C

sin(x)

sin(x)
2—cos(x )

6) [ = In|2 — cos(x)| + C

szdx =—Zln|1-x%|+C
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8) f anx(X) dx = f (ln(x))z . %dx _ ln33(x) +C

1 _E . 1
9)f T f—mdx—gsm Bx)+C

x+10

10) [ Z30dx = [ (£ +10x72) dx = Injx| = 2+ C

y24+2y+1 o +1)? _r 1 .
11) RN dy = f REIE dy = f e dy=Inly+1|+C

o~ _lm2-3x|+C
2—3x 3

X = —%ln|4—x3| +C

x+1-1

X 1
14)fmdx=f dx=f(1—m)dx=x—ln|x+1|+C

3

15)f< 5+6)d f(ﬁ+6)dx=%ln|x|+6x+€

4x2

sin(0) _ 1
16)[md9— 7ln|1+7cos(9)|+C

17) [ as = : ds = In|tan™'(s)| + C

tan=1(s)+s%tan—1(s) tan~1(s)(1+s2)

In(x) 1 In(x) (ln(x))
8)f 4xIn(2) dx = 4ln(2)f x dx 8in(2) +C

wZ42w— 1

2
19) [ =f(W—2+#)dwzw7—2w+7lnlw+4|+C

In(3)cos(x) _ e
20) [ mdx = —In(3)In|-5 —sin(x)| + C



8.5 Integrals of General Logarithmic Function

dl (u) = 1 d =>f 1 du =1 (w+C
du OBt ~ u-In(a) u u - In(a) “ = 108alt

where a > 0 and a # 1 (i.e., In(a) # 0)

Examples: Evaluate the following integrals:

) [ = dx=%f 2x dx=%logs(x2)+C

x2In5 x2In5

cos(3t) _1 3cos(3t) _ 1 .
2) f sin(3t)in4 dt = 3f sin(3t)ln4 dt = 3 log4(Sln(3t)) +C

1

N (V1-x2)sin=1(x)In3
4 J (Vw- 1 ) dw =

1-4wZ2cos~1(2w)In3

dx = logs (sin‘l(x)) +C

w3/2 1

2 1 _
§w3/2 +logs (cos 1(ZW)) +C

3/2 N f J1-(2w)2cos~1(2w)In3 dw =

Problems (8.5): Evaluate the following integrals:

1 [ =20 gy = logs(sin(x)) + C

sin(x)In3

) [ —— e¥dx=[ —dx=-+C

e?XIn3 In3 In3

sin(x)

3) f eSi“é‘)ln7 ' eSin(x)COS(x)dx = f C(;rsﬁx) dx = In7 +C

_r

x2 _
4) J T eomr 4x = logy (tan 1(x)) +C
3 1o axd X

>) f xflns dx = Zf x4)16n5 dx = ZlOgS(X4) +C

1 1 B
6) f cos~1(w)In2 mdw = —log, (COS 1(W)) +C



7 [ : —_dx = —log, (cot‘l(x)) +C

cot™1(x)ln4 1+x2

8) J

:—f L dt ——logg(t) +C

2tln3 tln3

1

1-z2sin~1(z)In2

9) | (cos(4z) — ) dz = %sin(4z) —log, (sin‘l(z)) +C

sin(5w) —551n(5w)
10) f cos(5w)1n7 f cos(5w)In7

dw = —%log7(cos(5w)) +C



