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CHAPTER 9: Techniques of Integration
9.1 Power of Trigonometric Functions

A. To find the integral for: [ sin™(x)cos™(x)

case(1): If one of the powers is odd (or both are odd), then we use the

following form:
sin?(x) + cos?(x) = 1

case(2): If both of the powers are even, then we use one of the following

forms:

1 1
sin?(x) = 3 (1 —cos2x) or cos?(x) = 5(1 + cos2x)

Examples: Evaluate the following integrals:
) [ sin?(x)cos3(x)dx [n:odd & m:even — case(1)]
= [ sin?(x)cos(x)cos?(x)dx
= [ sin?(x)cos(x)(1 — sin?(x))dx
= J (sin?(x)cos(x) — sin*(x)cos(x))dx

_sin®(x)  sin®(x)
3 5
[ sin?(x)cos(x)dx — [ sin*(x)cos(x)dx

sin3(x) B sin®(x)

3 5




) [ sin3(x)cos3(x)dx [n:odd & m:odd — case(1)]
= [ sin®(x)cos(x)cos?(x)dx
= J sin3(x)cos(x)(1 — sin?(x))dx
= [ sin®(x)cos(x)dx — [ sin®(x)cos(x)dx

_sin*(x) sin®(x)
4 6

) [ sin?(x)cos?(x)dx [n:even & m:even — case(2)]
= %(1 — cos(Zx))%(l + cos(2x) )dx
= %(1 — cos?(2x))dx

1 1
(2 [ Eeac?
=f 70 f4cos (2x)dx

1 1

1
= f de—f Z-§(1+cos(4x))dx

1 1 1
=dex—f gdx—f gcos(4x)dx

1 1 1
:Zfdx—gfdx—3—2fcos(4x)-4dx




B. To find the integral for: [ tan™(x)sec™(x)
case(1): If the powers sec(x) is even, we divide the sec(x) as:

sec™(x) = sec™ ?(x)sec?(x) & usesec?(x) =1+ tan?(x)

case(2): If the powers tan(x) is odd, we divide the tan(x) as:

tan™(x) = tan™ 1(x)tan(x) & use tan?(x) = sec?(x) — 1

Examples: Evaluate the following integrals:

1) [ sec*(x)tan?(x)dx
= [ sec?(x)sec?(x)tan?(x)dx
= [ (1 + tan?(x))sec?(x)tan?(x)dx

= [ tan?(x)sec?(x)dx + [ tan*(x)sec?(x)dx

_tan®(x) tan®(x)
3 5




2) [ tan3(x)/sec(x)dx

= [ tan®(x)tan(x)+/sec(x)dx

= [ (sec?(x) — 1)tan(x)sec%(x)dx

= fsec%(x)(sec(x)tan(x))dx —f sec_%(x)(sec(x)tan(x))dx

= fsec%(x)sec(x)tan(x)dx —f sec_%(x)sec(x)tan(x)dx

5 1
_sec2(x) secz(x)
-5 1

2 2

C. To find the integral for: [ cot™(x)csc™(x)

case(l): If the power of csc(x) is even, we divide the csc(x) as:

csc™(x) = csc™?(x)csc?(x) & we use csc?(x) = 1 + cot?(x)

case(2): If the power of cot(x) is odd, we divide the cot(x) as:
cot™(x) = cot™ 1(x)cot(x) & we use cot?(x) = csc?(x) — 1

Examples: Evaluate the following integrals:
1) [ esc*(x)cot?(x)dx
= [ csc?(x)csc?(x)cot? (x)dx
= J (1 + cot?(x))csc?(x)cot? (x)dx

= [ cot?(x)csc?(x)dx + [ cot*(x)csc?(x)dx




cot3 t>
_ (x) _co x) i
3 5

y cot3(x)
‘ f,/csc(x) x

= [ cot? (x)cot(x)csc_%(x)dx

= J (esc?(x) — Deot(x)ese 2 (x)dx

= [ esc2(x)cot(x)dx — [ cot(x)esc Z(x)dx

= [ esc2(x)csc(x)cot(x)dx — [ csc™2 (x)esc(x)cot(x)dx
_esc2(x) esc ()

3 -1
2 2

+C

Problems (9.1): Evaluate the following integrals:

1) [ cos?(36)d = [ - (1 + cos(66))df =0 +—sin(60) + C

2) [ sin*(2x)dx = | E (1- cos(4x))]2 dx

_3 1'4)+1'8)+C
_BX 8sm(x 64sm(x

3) [ cos*(w)dw = [ E(l + cos(2w))]2 dw

3 1 1
= §W + Zsm(Zw) + 3—251n(4w) +C

- f 3tan3(x)

Ve
5) [ cos3(2x)dx = [ (1 — sin?(2x))cos(2x)dx

5 1
dx = gseci(x) — 6secz(x) + C




1 1
= Esm(Zx) — gsm3 (2x) + C

. f cos3(t) dt :f 1—sin?(t)

sinZ(t)

1
T cos(t)dt = — T —sin(t) + C

.3 — 2
7) [ SIn"() gy = [ 1-cos () sin(x)dx = —— + cos(x) + C

cos2(x) cos2(x) ( )

cos(x) . 1

(1+sin(x))2 © 1+sin®

) [ sin®(0)cos?(8)dO = [ (1 — cos?(0))cos?(8)sin(6)do

cos3(0) cos®(0)
3 + 5 +C

sin3(3x)

10) [ sin?(3x)cos(3x)dx = 5

+ C

2
1) [ cos3(3x)sin®(x)dx

= fcosé(Bx)(l — cosz(3x))zsin(3x)dx

L2 cos3(3%) — —cos'3 (3%) + —= cos 3 (3x)| + C
3 5 —CcoS3 X 11 cos 3 X 17 COS X

w sin(4w)  sin3(2w)
16 64 48

12) [ sin?(w)cos*(w)dw = +C

PN J-cos(Zt) _f 1-2sin? (t)d 1 2
sin%(t) sin“(t) 35in3(t) sin(t)

1) [ cot3(0)dO = [ cot(8)(csc?(8) — 1)do

1
= —Ecotz(e) — In|sin(0)| + C

5) [ tan?(4t)dt = [ (sec?(4t) — 1)dt = ; tan(4t) — t + C




16) [ esc*(x)dx = [ csc?(x)(1 + cot?(x))dx

1
= —cot(x) — §c0t3 x)+C

17) [ csc?(2z)cot(2z)dz = — = cot?(2z) + C
4

18) [ sec*(3x)tan(3x)dx = = sec*(3x) + C
12

4 OHY\ 1
cosZ(w)

20) [ tan®(x)sec(x)dx = [ (sec®(x) — Dsec(x)tan(x)dx

dw = [ sec?(w)dw = tan(w) + C

= §sec3(x) —sec(x) + C

9.2 Integration by Parts
wdu.v) = ud(w) + vd(u)
= ud(v) = d(u.v) — vd(u)

L fud@w) = [dw.v) = [vd(u) = [ud(v) =u.v— [ vd(u)

Examples: Evaluate the following integrals:
1) [ In(x)dx =?

letu =In(x) = du = i—x

dv=dx=>v=[dx=x
v Judw) =u.v— [ vd(w)

= [ In(x)dx = In(x).x —fx%

-V




=In(x).x — [dx =In(x).x —x+ C
) | xe*dx =?
letu =x = du = dx
dv = e*dx = v = [ e*dx = e*
v [ud(w) =u.v— [ vd(u)
= [ xe*dx = x.e* — [ e*dx
=xe*—e*+C
) [ x2e*dx =?
letu = x? = du = 2xdx dv = e*dx = v = [ e*dx = e*
v fudv=u-v—[vdu= [ x%e*dx = x?-e*— [ e* - 2xdx
=x?-e¥—2[e* - xdx =x% e*—2(xe* —e*+C)
= x?e* — 2xe* + 2e* + C
4) [ e*sin(2x)dx =?
letu = e* = du = e*dx
dv = sin(2x)dx = v = %f sin(2x) - 2dx = —%cos(Zx)
v Judv=u-v-[vdu

= [ e*sin(2x)dx = e* - —%cos(Zx) — [ - %Cos(Zx) cefdx =

[ e*sin(2x)dx = —%excos(Zx) + %f cos(2x) - e*dx

letu = e* = du = e*dx




dv = cos(2x)dx = v = %sin(Zx)

v [ cos(2x) - e*dx = e* -%sin(Zx) —f %sin(Zx)exdx

-1 1 1
= [ e*sin(2x)dx = e* -7cos(2x) + Zex - sin(2x) — Zf e*sin(2x)dx

5 1
= Zf e*sin(2x)dx = Tex - cos(2x) + Zex - sin(2x)

4

5 1
3 [ e*sin(2x)dx = ?e" - cos(2x) + Eex -sin(2x) + C

3
X
d) f 3 dx =?
(x2+1)2

3
X

—dx = [ x? 3

(x? +1)2 (x?+1)2

X

/

dx

letu = x? = dv = 2xdx

X

dv =—3dx

(x2 +1)2

X _3
————dx =[x (x*+1)"2dx

(x2 +1)2

=v=

1

1 _3 1(x2+1)2 —1
—_— . 2 _ — e
—2f2x (x*+ 1) 2dx > T

1
-5 (x2 +1)2

Judw)=u-v— [ vdu




3

2

1
-+ [ (x?+1)72 - 2xdx
(x2+1)2

1
—x? (x*+1)2
= + +C

(x% + 1)% H
2

6) [ sec3(x)dx =?
J sec®(x)dx = [ sec(x),sec? (x) apdx
let u = sec(x) = du = sec(x)tan(x)dx
dv = sec?(x)dx = v = [ sec?(x)dx = tan(x)
v fudv=u-v— [vdu
= [ sec3(x)dx = sec(x)tan(x) — [ tan(x)sec(x)tan(x)dx
= sec(x)tan(x) — J tan?(x)sec(x)dx
= sec(x)tan(x) — [ [sec?(x) — 1]sec(x)dx
= [ sec3(x)dx = sec(x)tan(x) — [ sec®(x)dx + [ sec(x)dx
= 2 sec3(x)dx = sec(x)tan(x) + In|sec(x) + tan(x)| + C

= [ sec®(x)dx

1 1
> Sec (x)tan (x) + 2 In |sec (x) +tan (x)| + K




Problems (9.2): Evaluate the following integrals:

1) [ e™*dx
2
—f\/_dx—fodx—§
) [ Invx — 1dx

1
=§fln(x— 1)dx
1
u=1n(x—1)=>du=x_1dx,quaddv=dx=>v=x

1[xln(x -1 —(x+Injx—=1)D]+C

dx]=2

1 X
=—[xln(x—1)—fx_

2 1

3) [ e*cos(2x)dx
1
= gex(cos(Zx) + 2sin(2x)) + C
1) [ xsec?(x)dx
u = x = du = dx, quaddv = sec?(x)dx = v = tan(x)
= xtan(x) — [ tan(x)dx = xtan(x) + In|cos(x)| + C

5) [ In(x + V1 + x2)dx
u=In(x++y1+x2)=du=

dx,quaddv =dx > v =x

1
V1 + x2

dx = xIn(x +y1+x2) —J1+x2+C

= xIn(x +/1+x2)— | \/7
+ x




5) [ xtan?(x)dx

= [ x(sec?(x) — 1)dx = [ xsec?(x)dx — [ xdx

2
X
= xtan(x) + In|cos(x)| — > +C

7\ f tan‘l(x) dx

x2

u=tan‘1(x)=>du=1+x2dx, dv=x‘2dx=>v=—;
tan~1(x) 1 _ tanT'(x)

+/

1
————dx = 1 —=In(1+x®)+C
2 D) X + In|x]| 2n( +x°) +

3) [ xcos?(x)dx

1 + cos(2x) x? xsin(2x) cos(2x)
f)dx =7 + 2 + 3 +

= J x(

9) [ x*sin(x)dx
= —x2cos(x) + 2xsin(x) + 2cos(x) + C
0) [ zsin?(z)dz

z?  zsin(2z) cos(22)+

4 4 8

1) [ xInvVx + 2dx

1
= Ef xIn(x + 2)dx

2

—1x2_41 +2) -t x+cC
= S EIn(r+2) = 4]




2) [ (x + 1)%e*dx

=e*(x?+2x+1-2x—-2+2)=e*(x*+1)+C
3) [ e**cos(ed)dt

letw = et = dw = eldt

= [ wcos(w)dw = wsin(w) + cos(w) + C = e'sin(e?) + cos(e?) + C
4) [ xIn(x® + x)dx

—le 3+ f3x2+1d —le >+ >+ tanl(x) +
= n(x® + x) 2T+ D) x=- n(x® + x) > X +tan (%)

5) [ x3eX dx

letw = x? = dw = 2xdx
1 w 1 w w 1 x2r..2
=Efwe dw = (we” —e¥) +C=ze* (x* =D +C

6) [ x%sin(1 — x)dx
= x2cos(1 — x) + 2xsin(1 — x) — 2cos(1 —x) + C
7) | zsin?(z)dz

z%>  zsin(2z) cos(2z
(2)_cos22) .

4 4 8

8) [ xIn(3/3x + 1)dx

3x? p
26+

1 x?
= §f xIn(3x + 1)dx = [71n(3x +1)—J




2 1 x2

X x“ x 1
=Eln(3x+1)——(——§+§ln|3x+ 1|)+C

9) [ cos(Inx)dx
= ;(cos(lnx) + sin(Inx)) + C

0) | e**sin(3x)dx

er
= ﬁ(ZSian) — 3cos(3x)) +C

1) [ xsin(x)dx
= —xcos(x) + sin(x) + C

2) [ Ocos(30)do

0 1
= §sin(30) + §COS(39) +C

3) [ xV4x + 2dx
1 5 1 3
= —(4x + 2)2 — — (4x + 2)2
o (Pt mm (k224

4) [ xtan1xdx

_xzt -1 1f u d —xzt -1y L tan™'x) + C
STyl prp e m e ety




