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CHAPTER 9: Techniques of Integration 

9.1 Power of Trigonometric Functions 

A. To find the integral for: ∫ sin𝑛(𝑥)cos𝑚(𝑥) 

case(1): If one of the powers is odd (or both are odd), then we use the 

following form: 

𝐬𝐢𝐧𝟐(𝒙) + 𝐜𝐨𝐬𝟐(𝒙) = 𝟏 

case(2): If both of the powers are even, then we use one of the following 

forms: 

𝐬𝐢𝐧𝟐(𝒙) =
𝟏

𝟐
(𝟏 − 𝐜𝐨𝐬𝟐𝒙) or 𝐜𝐨𝐬𝟐(𝒙) =

𝟏

𝟐
(𝟏 + 𝐜𝐨𝐬𝟐𝒙) 

 

Examples: Evaluate the following integrals: 

1) ∫ 𝐬𝐢𝐧𝟐(𝒙)𝐜𝐨𝐬𝟑(𝒙)𝒅𝒙 [𝑛:odd & 𝑚:even → case(1)] 

= ∫ sin2(𝑥)cos(𝑥)cos2(𝑥)𝑑𝑥 

= ∫ sin2(𝑥)cos(𝑥)(1 − sin2(𝑥))𝑑𝑥 

= ∫ (sin2(𝑥)cos(𝑥) − sin4(𝑥)cos(𝑥))𝑑𝑥 

=
sin3(𝑥)

3
−
sin5(𝑥)

5
+ 𝐶 

= ∫ sin2(𝑥)cos(𝑥)𝑑𝑥 − ∫ sin4(𝑥)cos(𝑥)𝑑𝑥  

=
𝐬𝐢𝐧𝟑(𝐱)

𝟑
−
𝐬𝐢𝐧𝟓(𝐱)

𝟓
+ 𝐂 
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2) ∫ 𝐬𝐢𝐧𝟑(𝒙)𝐜𝐨𝐬𝟑(𝒙)𝒅𝒙 [𝑛:odd & 𝑚:odd → case(1)] 

= ∫ sin3(𝑥)cos(𝑥)cos2(𝑥)𝑑𝑥 

= ∫ sin3(𝑥)cos(𝑥)(1 − sin2(𝑥))𝑑𝑥 

= ∫ sin3(𝑥)cos(𝑥)𝑑𝑥 − ∫ sin5(𝑥)cos(𝑥)𝑑𝑥 

=
𝐬𝐢𝐧𝟒(𝐱)

𝟒
−
𝐬𝐢𝐧𝟔(𝐱)

𝟔
+ 𝐂 

 

3) ∫ 𝐬𝐢𝐧𝟐(𝒙)𝐜𝐨𝐬𝟐(𝒙)𝒅𝒙 [𝑛:even & 𝑚:even → case(2)] 

= ∫
1

2
(1 − cos(2𝑥))

1

2
(1 + cos(2𝑥))𝑑𝑥 

= ∫
1

4
(1 − cos2(2𝑥))𝑑𝑥 

= ∫
1

4
𝑑𝑥 − ∫

1

4
cos2(2𝑥)𝑑𝑥 

= ∫
1

4
𝑑𝑥 − ∫

1

4
⋅
1

2
(1 + cos(4𝑥))𝑑𝑥 

= ∫
1

4
𝑑𝑥 − ∫

1

8
𝑑𝑥 − ∫

1

8
cos(4𝑥)𝑑𝑥 

=
1

4
∫ 𝑑𝑥 −

1

8
∫ 𝑑𝑥 −

1

32
∫ cos(4𝑥) ⋅ 4𝑑𝑥 

=
𝐱

𝟒
−
𝐱

𝟖
−
𝐬𝐢𝐧(𝟒𝐱)

𝟑𝟐
+ 𝐂 
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B. To find the integral for: ∫ 𝐭𝐚𝐧𝒏(𝒙)𝐬𝐞𝐜𝒎(𝒙) 

case(1): If the powers sec(𝑥) is even, we divide the sec(𝑥) as: 

 𝐬𝐞𝐜𝒎(𝒙) = 𝐬𝐞𝐜𝒎−𝟐(𝒙)𝐬𝐞𝐜𝟐(𝒙) &       use 𝐬𝐞𝐜𝟐(𝒙) = 𝟏 + 𝐭𝐚𝐧𝟐(𝒙) 

 

case(2): If the powers tan(𝑥) is odd, we divide the tan(𝑥) as: 

 𝐭𝐚𝐧𝒏(𝒙) = 𝐭𝐚𝐧𝒏−𝟏(𝒙)𝐭𝐚𝐧(𝒙) &          use tan2(x) = sec2(x) − 1 

 

Examples: Evaluate the following integrals: 

1) ∫ 𝐬𝐞𝐜𝟒(𝒙)𝐭𝐚𝐧𝟐(𝒙)𝒅𝒙 

= ∫ sec2(𝑥)sec2(𝑥)tan2(𝑥)𝑑𝑥 

= ∫ (1 + tan2(𝑥))sec2(𝑥)tan2(𝑥)𝑑𝑥 

= ∫ tan2(𝑥)sec2(𝑥)𝑑𝑥 + ∫ tan4(𝑥)sec2(𝑥)𝑑𝑥 

=
𝐭𝐚𝐧𝟑(𝐱)

𝟑
+
𝐭𝐚𝐧𝟓(𝐱)

𝟓
+ 𝐂 
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2) ∫ 𝐭𝐚𝐧𝟑(𝒙)√𝐬𝐞𝐜(𝒙)𝒅𝒙 

= ∫ tan2(𝑥)tan(𝑥)√sec(𝑥)𝑑𝑥 

= ∫ (sec2(𝑥) − 1)tan(𝑥)sec
1
2(𝑥)𝑑𝑥 

= ∫ sec
3
2(𝑥)(sec(𝑥)tan(𝑥))𝑑𝑥 − ∫ sec−

1
2(𝑥)(sec(𝑥)tan(𝑥))𝑑𝑥 

= ∫ sec
3
2(𝑥)sec(𝑥)tan(𝑥)𝑑𝑥 − ∫ sec−

1
2(𝑥)sec(𝑥)tan(𝑥)𝑑𝑥 

=
𝐬𝐞𝐜

𝟓
𝟐(𝐱)

𝟓
𝟐

−
𝐬𝐞𝐜

𝟏
𝟐(𝐱)

𝟏
𝟐

+ 𝐂 

 

C. To find the integral for: ∫ 𝐜𝐨𝐭𝒏(𝒙)𝐜𝐬𝐜𝒎(𝒙) 

case(1): If the power of csc(𝑥) is even, we divide the csc(𝑥) as: 

 𝐜𝐬𝐜𝒎(𝒙) = 𝐜𝐬𝐜𝒎−𝟐(𝒙)𝐜𝐬𝐜𝟐(𝒙) & we use 𝐜𝐬𝐜𝟐(𝒙) = 𝟏 + 𝐜𝐨𝐭𝟐(𝒙) 

 

case(2): If the power of cot(𝑥) is odd, we divide the cot(𝑥) as: 

 𝐜𝐨𝐭𝒏(𝒙) = 𝐜𝐨𝐭𝒏−𝟏(𝒙)𝐜𝐨𝐭(𝒙) & we use 𝐜𝐨𝐭𝟐(𝒙) = 𝐜𝐬𝐜𝟐(𝒙) − 𝟏 

Examples: Evaluate the following integrals: 

1) ∫ 𝐜𝐬𝐜𝟒(𝒙)𝐜𝐨𝐭𝟐(𝒙)𝒅𝒙 

= ∫ csc2(𝑥)csc2(𝑥)cot2(𝑥)𝑑𝑥 

= ∫ (1 + cot2(𝑥))csc2(𝑥)cot2(𝑥)𝑑𝑥 

= ∫ cot2(𝑥)csc2(𝑥)𝑑𝑥 + ∫ cot4(𝑥)csc2(𝑥)𝑑𝑥 
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= −
𝐜𝐨𝐭𝟑(𝐱)

𝟑
−
𝐜𝐨𝐭𝟓(𝐱)

𝟓
+ 𝐂 

2) ∫
𝒄𝒐𝒕𝟑(𝒙)

√𝒄𝒔𝒄(𝒙)
𝒅𝒙 

= ∫ cot2(𝑥)cot(𝑥)csc−
1
2(𝑥)𝑑𝑥 

= ∫ (csc2(𝑥) − 1)cot(𝑥)csc−
1
2(𝑥)𝑑𝑥 

= ∫ csc
3
2(𝑥)cot(𝑥)𝑑𝑥 − ∫ cot(𝑥)csc−

1
2(𝑥)𝑑𝑥 

= ∫ csc
1
2(𝑥)csc(𝑥)cot(𝑥)𝑑𝑥 − ∫ csc−

3
2(𝑥)csc(𝑥)cot(𝑥)𝑑𝑥 

=
𝒄𝒔𝒄

𝟑
𝟐(𝒙)

𝟑
𝟐

−
𝒄𝒔𝒄−

𝟏
𝟐(𝒙)

−𝟏
𝟐

+ 𝑪 

 

Problems (9.1): Evaluate the following integrals: 

1) ∫ 𝐜𝐨𝐬𝟐(𝟑𝜽)𝒅𝜽 = ∫
1

2
(1 + cos(6𝜃))𝑑𝜃 =

𝟏

𝟐
𝛉 +

𝟏

𝟏𝟐
𝐬𝐢𝐧(𝟔𝛉) + 𝐂 

2) ∫ 𝐬𝐢𝐧𝟒(𝟐𝒙)𝒅𝒙 = ∫ [
1

2
(1 − cos(4𝑥))]

2
𝑑𝑥 

=
𝟑

𝟖
𝐱 −

𝟏

𝟖
𝐬𝐢𝐧(𝟒𝐱) +

𝟏

𝟔𝟒
𝐬𝐢𝐧(𝟖𝐱) + 𝐂 

3) ∫ 𝐜𝐨𝐬𝟒(𝒘)𝒅𝒘 = ∫ [
1

2
(1 + cos(2𝑤))]

2
𝑑𝑤 

=
𝟑

𝟖
𝐰+

𝟏

𝟒
𝐬𝐢𝐧(𝟐𝐰) +

𝟏

𝟑𝟐
𝐬𝐢𝐧(𝟒𝐰) + 𝐂 

4) ∫
𝟑𝐭𝐚𝐧𝟑(𝒙)

√𝐬𝐞𝐜(𝒙)
𝒅𝒙 =

𝟔

𝟓
𝐬𝐞𝐜

𝟓

𝟐(𝐱) − 𝟔𝐬𝐞𝐜
𝟏

𝟐(𝐱) + 𝐂 

5) ∫ 𝐜𝐨𝐬𝟑(𝟐𝒙)𝒅𝒙 = ∫ (1 − sin2(2𝑥))cos(2𝑥)𝑑𝑥 
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=
𝟏

𝟐
𝐬𝐢𝐧(𝟐𝐱) −

𝟏

𝟔
𝐬𝐢𝐧𝟑(𝟐𝐱) + 𝐂 

6) ∫
𝐜𝐨𝐬𝟑(𝒕)

𝐬𝐢𝐧𝟐(𝒕)
𝒅𝒕 = ∫

1−sin2(𝑡)

sin2(𝑡)
cos(𝑡)𝑑𝑡 = −

𝟏

𝐬𝐢𝐧(𝐭)
− 𝐬𝐢𝐧(𝐭) + 𝐂 

7) ∫
𝐬𝐢𝐧𝟑(𝒙)

𝐜𝐨𝐬𝟐(𝒙)
𝒅𝒙 = ∫

1−cos2(𝑥)

cos2(𝑥)
sin(𝑥)𝑑𝑥 =

𝟏

𝐜𝐨𝐬(𝐱)
+ 𝐜𝐨𝐬(𝐱) + 𝐂 

8) ∫
𝐜𝐨𝐬(𝒙)

(𝟏+𝐬𝐢𝐧(𝒙))
𝟐 𝒅𝒙 = −

𝟏

𝟏+𝐬𝐢𝐧(𝐱)
+ 𝐂 

9) ∫ 𝐬𝐢𝐧𝟑(𝜽)𝐜𝐨𝐬𝟐(𝜽)𝒅𝜽 = ∫ (1 − cos2(𝜃))cos2(𝜃)sin(𝜃)𝑑𝜃 

= −
𝐜𝐨𝐬𝟑(𝛉)

𝟑
+
𝐜𝐨𝐬𝟓(𝛉)

𝟓
+ 𝐂 

10) ∫ 𝐬𝐢𝐧𝟐(𝟑𝒙)𝐜𝐨𝐬(𝟑𝒙)𝒅𝒙 =
𝐬𝐢𝐧𝟑(𝟑𝐱)

𝟗
+ 𝐂 

11) ∫ 𝐜𝐨𝐬
𝟐

𝟑(𝟑𝒙)𝐬𝐢𝐧𝟓(𝒙)𝒅𝒙  

= ∫ cos
2
3(3𝑥)(1 − cos2(3𝑥))

2
sin(3𝑥)𝑑𝑥 

= −
𝟏

𝟑
[
𝟑

𝟓
𝐜𝐨𝐬

𝟓
𝟑(𝟑𝐱) −

𝟔

𝟏𝟏
𝐜𝐨𝐬

𝟏𝟏
𝟑 (𝟑𝐱) +

𝟑

𝟏𝟕
𝐜𝐨𝐬

𝟏𝟕
𝟑 (𝟑𝐱)] + 𝐂 

12) ∫ 𝐬𝐢𝐧𝟐(𝒘)𝐜𝐨𝐬𝟒(𝒘)𝒅𝒘 =
𝐰

𝟏𝟔
−

𝐬𝐢𝐧(𝟒𝐰)

𝟔𝟒
−

𝐬𝐢𝐧𝟑(𝟐𝐰)

𝟒𝟖
+ 𝐂 

13) ∫
𝐜𝐨𝐬(𝟐𝒕)

𝐬𝐢𝐧𝟒(𝒕)
𝒅𝒕 = ∫

1−2sin2(𝑡)

sin4(𝑡)
𝑑𝑡 = −

𝟏

𝟑𝐬𝐢𝐧𝟑(𝐭)
+

𝟐

𝐬𝐢𝐧(𝐭)
+ 𝐂 

14) ∫ 𝐜𝐨𝐭𝟑(𝜽)𝒅𝜽 = ∫ cot(𝜃)(csc2(𝜃) − 1)𝑑𝜃 

= −
𝟏

𝟐
𝐜𝐨𝐭𝟐(𝛉) − 𝐥𝐧|𝐬𝐢𝐧(𝛉)| + 𝐂 

15) ∫ 𝐭𝐚𝐧𝟐(𝟒𝒕)𝒅𝒕 = ∫ (sec2(4𝑡) − 1)𝑑𝑡 =
𝟏

𝟒
𝐭𝐚𝐧(𝟒𝐭) − 𝐭 + 𝐂 

 



- 7   - 
 

16) ∫ 𝐜𝐬𝐜𝟒(𝒙)𝒅𝒙 = ∫ csc2(𝑥)(1 + cot2(𝑥))𝑑𝑥 

= −𝐜𝐨𝐭(𝐱) −
𝟏

𝟑
𝐜𝐨𝐭𝟑(𝐱) + 𝐂 

17) ∫ 𝐜𝐬𝐜𝟐(𝟐𝒛)𝐜𝐨𝐭(𝟐𝒛)𝒅𝒛 = −
𝟏

𝟒
𝐜𝐨𝐭𝟐(𝟐𝐳) + 𝐂 

18) ∫ 𝐬𝐞𝐜𝟒(𝟑𝒙)𝐭𝐚𝐧(𝟑𝒙)𝒅𝒙 =
𝟏

𝟏𝟐
𝐬𝐞𝐜𝟒(𝟑𝐱) + 𝐂 

19) ∫
𝟏

𝐜𝐨𝐬𝟐(𝒘)
𝒅𝒘 = ∫ sec2(𝑤)𝑑𝑤 = 𝐭𝐚𝐧(𝐰) + 𝐂 

20) ∫ 𝐭𝐚𝐧𝟑(𝒙)𝐬𝐞𝐜(𝒙)𝒅𝒙 = ∫ (sec2(𝑥) − 1)sec(𝑥)tan(𝑥)𝑑𝑥 

=
𝟏

𝟑
𝐬𝐞𝐜𝟑(𝐱) − 𝐬𝐞𝐜(𝐱) + 𝐂 

 

9.2 Integration by Parts 

∵ 𝑑(𝑢. 𝑣) = 𝑢𝑑(𝑣) + 𝑣𝑑(𝑢) 

⟹ 𝑢𝑑(𝑣) = 𝑑(𝑢. 𝑣) − 𝑣𝑑(𝑢) 

→
∫
∫ 𝑢𝑑(𝑣) = ∫ 𝑑(𝑢. 𝑣) − ∫ 𝑣𝑑(𝑢) ⟹ ∫ 𝐮𝐝(𝐯) = 𝐮. 𝐯 − ∫ 𝐯𝐝(𝐮) 

 

Examples: Evaluate the following integrals: 

1) ∫ 𝐥𝐧(𝒙)𝒅𝒙 =? 

let 𝑢 = ln(𝑥) ⟹ 𝑑𝑢 =
𝑑𝑥

𝑥
 

𝑑𝑣 = 𝑑𝑥 ⟹ 𝑣 = ∫ 𝑑𝑥 = 𝑥 

∵ ∫ 𝑢𝑑(𝑣) = 𝑢. 𝑣 − ∫ 𝑣𝑑(𝑢) 

⟹ ∫ ln(𝑥)𝑑𝑥 = ln(𝑥). 𝑥 − ∫ 𝑥.
𝑑𝑥

𝑥
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= ln(𝑥). 𝑥 − ∫ 𝑑𝑥 = 𝐥𝐧(𝐱). 𝐱 − 𝐱 + 𝐂 

2) ∫ 𝒙𝒆𝒙𝒅𝒙 =? 

let 𝑢 = 𝑥 ⟹ 𝑑𝑢 = 𝑑𝑥 

𝑑𝑣 = 𝑒𝑥𝑑𝑥 ⟹ 𝑣 = ∫ 𝑒𝑥𝑑𝑥 = 𝑒𝑥 

∵ ∫ 𝑢𝑑(𝑣) = 𝑢. 𝑣 − ∫ 𝑣𝑑(𝑢) 

⟹ ∫𝑥𝑒𝑥𝑑𝑥 = 𝑥. 𝑒𝑥 − ∫ 𝑒𝑥𝑑𝑥 

= 𝐱𝐞𝐱 − 𝐞𝐱 + 𝐂 

3) ∫ 𝒙𝟐𝒆𝒙𝒅𝒙 =? 

let 𝑢 = 𝑥2 ⟹ 𝑑𝑢 = 2𝑥𝑑𝑥 𝑑𝑣 = 𝑒𝑥𝑑𝑥 ⟹ 𝑣 = ∫ 𝑒𝑥𝑑𝑥 = 𝑒𝑥  

∵ ∫ 𝑢𝑑𝑣 = 𝑢 ⋅ 𝑣 − ∫ 𝑣𝑑𝑢 ⟹ ∫𝑥2𝑒𝑥𝑑𝑥 = 𝑥2 ⋅ 𝑒𝑥 − ∫ 𝑒𝑥 ⋅ 2𝑥𝑑𝑥  

= 𝑥2 ⋅ 𝑒𝑥 − 2∫ 𝑒𝑥 ⋅ 𝑥𝑑𝑥 = 𝑥2 ⋅ 𝑒𝑥 − 2(𝑥𝑒𝑥 − 𝑒𝑥 + 𝐶)  

= 𝒙𝟐𝒆𝒙 − 𝟐𝒙𝒆𝒙 + 𝟐𝒆𝒙 + 𝑪 

4) ∫ 𝒆𝒙𝐬𝐢𝐧(𝟐𝒙)𝒅𝒙 =? 

let 𝑢 = 𝑒𝑥 ⟹ 𝑑𝑢 = 𝑒𝑥𝑑𝑥  

𝑑𝑣 = sin(2𝑥)𝑑𝑥 ⟹ 𝑣 =
1

2
∫ sin(2𝑥) ⋅ 2𝑑𝑥 = −

1

2
cos(2𝑥)  

∵ ∫ 𝑢𝑑𝑣 = 𝑢 ⋅ 𝑣 − ∫ 𝑣𝑑𝑢  

⟹ ∫ 𝑒𝑥sin(2𝑥)𝑑𝑥 = 𝑒𝑥 ⋅ −
1

2
cos(2𝑥) − ∫ −

1

2
cos(2𝑥) ⋅ 𝑒𝑥𝑑𝑥 ⟹

∫ 𝑒𝑥sin(2𝑥)𝑑𝑥 = −
1

2
𝑒𝑥cos(2𝑥) +

1

2
∫ cos(2𝑥) ⋅ 𝑒𝑥𝑑𝑥 

let 𝑢 = 𝑒𝑥 ⟹ 𝑑𝑢 = 𝑒𝑥𝑑𝑥  
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𝑑𝑣 = cos(2𝑥)𝑑𝑥 ⟹ 𝑣 =
1

2
sin(2𝑥)  

∵ ∫ cos(2𝑥) ⋅ 𝑒𝑥𝑑𝑥 = 𝑒𝑥 ⋅
1

2
sin(2𝑥) − ∫

1

2
sin(2𝑥)𝑒𝑥𝑑𝑥  

⟹ ∫ 𝑒𝑥sin(2𝑥)𝑑𝑥 = 𝑒𝑥 ·
−1

2
cos(2𝑥) +

1

4
𝑒𝑥 · sin(2𝑥) −

1

4
∫ 𝑒𝑥sin(2𝑥)𝑑𝑥 

⟹
5

4
∫ 𝑒𝑥sin(2𝑥)𝑑𝑥 =

−1

2
𝑒𝑥 · cos(2𝑥) +

1

4
𝑒𝑥 · sin(2𝑥) 

∗
𝟒

𝟓
⇒ ∫ 𝒆𝒙𝐬𝐢𝐧(𝟐𝒙)𝒅𝒙 =

−𝟐

𝟓
𝒆𝒙 · 𝐜𝐨𝐬(𝟐𝒙) +

𝟏

𝟓
𝒆𝒙 · 𝐬𝐢𝐧(𝟐𝒙) + 𝑪 

5)  ∫
𝒙𝟑

(𝒙𝟐+𝟏)
𝟑
𝟐

𝒅𝒙 =? 

∫
𝑥3

(𝑥2 + 1)
3
2

𝑑𝑥 = ∫ 𝑥2
𝑥

(𝑥2 + 1)
3
2

𝑑𝑥 

let 𝑢 = 𝑥2 ⟹ 𝑑𝑣 = 2𝑥𝑑𝑥 

𝑑𝑣 =
𝑥

(𝑥2 + 1)
3
2

𝑑𝑥 

⟹ 𝑣 = ∫
𝑥

(𝑥2 + 1)
3
2

𝑑𝑥 = ∫ 𝑥 · (𝑥2 + 1)−
3
2𝑑𝑥 

=
1

2
∫ 2𝑥 · (𝑥2 + 1)−

3
2𝑑𝑥 =

1

2

(𝑥2 + 1)−
1
2

−
1
2

=
−1

(𝑥2 + 1)
1
2

 

∫ 𝑢𝑑(𝑣) = 𝑢 · 𝑣 − ∫ 𝑣𝑑𝑢 
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⟹ ∫
𝑥3

(𝑥2 + 1)
3
2

𝑑𝑥 = 𝑥2 ·
−1

(𝑥2 + 1)
1
2

− ∫
−1

(𝑥2 + 1)
1
2

· 2𝑥𝑑𝑥 

=
−𝑥2

(𝑥2 + 1)
1
2

+ ∫ (𝑥2 + 1)−
1
2 · 2𝑥𝑑𝑥 

=
−𝒙𝟐

(𝒙𝟐 + 𝟏)
𝟏
𝟐

+
(𝒙𝟐 + 𝟏)

𝟏
𝟐

𝟏
𝟐

+ 𝑪 

6) ∫ 𝐬𝐞𝐜𝟑(𝒙)𝒅𝒙 =? 

∫ sec3(𝑥)𝑑𝑥 = ∫ sec(𝑥)𝑢sec
2(𝑥)𝑑𝑣𝑑𝑥 

let 𝑢 = sec(𝑥) ⟹ 𝑑𝑢 = sec(𝑥)tan(𝑥)𝑑𝑥 

𝑑𝑣 = sec2(𝑥)𝑑𝑥 ⟹ 𝑣 = ∫ sec2(𝑥)𝑑𝑥 = tan(𝑥) 

∵ ∫ 𝑢𝑑𝑣 = 𝑢 · 𝑣 − ∫ 𝑣𝑑𝑢 

⟹ ∫ sec3(𝑥)𝑑𝑥 = sec(𝑥)tan(𝑥) − ∫ tan(𝑥)sec(𝑥)tan(𝑥)𝑑𝑥 

= sec(𝑥)tan(𝑥) − ∫ tan2(𝑥)sec(𝑥)𝑑𝑥 

= sec(𝑥)tan(𝑥) − ∫ [sec2(𝑥) − 1]sec(𝑥)𝑑𝑥 

⟹ ∫ sec3(𝑥)𝑑𝑥 = sec(𝑥)tan(𝑥) − ∫ sec3(𝑥)𝑑𝑥 + ∫ sec(𝑥)𝑑𝑥 

⟹ 2∫ sec3(𝑥)𝑑𝑥 = sec(𝑥)tan(𝑥) + ln|sec(𝑥) + tan(𝑥)| + 𝐶 

⟹ ∫ 𝒔𝒆𝒄𝟑(𝒙)𝒅𝒙

=
𝟏

𝟐
𝒔𝒆𝒄⁡(𝒙)𝒕𝒂𝒏⁡(𝒙) +

𝟏

𝟐
𝒍𝒏⁡ |𝒔𝒆𝒄⁡(𝒙) + 𝒕𝒂𝒏⁡(𝒙)| + 𝑲 
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Problems (9.2): Evaluate the following integrals: 

1) ∫ 𝒆𝐥𝐧√𝒙𝒅𝒙 

= ∫ √𝑥𝑑𝑥 = ∫ 𝑥
1
2𝑑𝑥 =

2

3
𝑥
3
2 + 𝐶 

2) ∫ 𝐥𝐧√𝒙 − 𝟏𝒅𝒙 

=
1

2
∫ ln(𝑥 − 1)𝑑𝑥 

𝑢 = ln(𝑥 − 1) ⟹ 𝑑𝑢 =
1

𝑥 − 1
𝑑𝑥, quad𝑑𝑣 = 𝑑𝑥 ⟹ 𝑣 = 𝑥 

=
1

2
[𝑥ln(𝑥 − 1) − ∫

𝑥

𝑥 − 1
𝑑𝑥] =

1

2
[𝑥ln(𝑥 − 1) − (𝑥 + ln|𝑥 − 1|)] + 𝐶 

3) ∫ 𝒆𝒙𝐜𝐨𝐬(𝟐𝒙)𝒅𝒙 

=
1

5
𝑒𝑥(cos(2𝑥) + 2sin(2𝑥)) + 𝐶 

4) ∫ 𝒙𝐬𝐞𝐜𝟐(𝒙)𝒅𝒙 

𝑢 = 𝑥 ⟹ 𝑑𝑢 = 𝑑𝑥, quad𝑑𝑣 = sec2(𝑥)𝑑𝑥 ⟹ 𝑣 = tan(𝑥) 

= 𝑥tan(𝑥) − ∫ tan(𝑥)𝑑𝑥 = 𝑥tan(𝑥) + ln|cos(𝑥)| + 𝐶 

5) ∫ ln(𝑥 + √1 + 𝑥2)𝑑𝑥 

𝑢 = ln(𝑥 + √1 + 𝑥2) ⟹ 𝑑𝑢 =
1

√1 + 𝑥2
𝑑𝑥, quad𝑑𝑣 = 𝑑𝑥 ⟹ 𝑣 = 𝑥 

= 𝑥ln(𝑥 + √1 + 𝑥2) − ∫
𝑥

√1 + 𝑥2
𝑑𝑥 = 𝑥ln(𝑥 + √1 + 𝑥2) − √1 + 𝑥2 + 𝐶 
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6) ∫ 𝒙𝐭𝐚𝐧𝟐(𝒙)𝒅𝒙 

= ∫ 𝑥(sec2(𝑥) − 1)𝑑𝑥 = ∫ 𝑥sec2(𝑥)𝑑𝑥 − ∫ 𝑥𝑑𝑥 

= 𝑥tan(𝑥) + ln|cos(𝑥)| −
𝑥2

2
+ 𝐶 

7) ∫
𝐭𝐚𝐧−𝟏(𝒙)

𝒙𝟐
𝒅𝒙 

𝑢 = tan−1(𝑥) ⟹ 𝑑𝑢 =
1

1 + 𝑥2
𝑑𝑥,⁡⁡⁡⁡⁡⁡⁡⁡𝑑𝑣 = 𝑥−2𝑑𝑥 ⟹ 𝑣 = −

1

𝑥
 

= −
tan−1(𝑥)

𝑥
+ ∫

1

𝑥(1 + 𝑥2)
𝑑𝑥 = −

tan−1(𝑥)

𝑥
+ ln|𝑥| −

1

2
ln(1 + 𝑥2) + 𝐶 

8) ∫ 𝒙𝐜𝐨𝐬𝟐(𝒙)𝒅𝒙 

= ∫ 𝑥(
1 + cos(2𝑥)

2
)𝑑𝑥 =

𝑥2

4
+
𝑥sin(2𝑥)

4
+
cos(2𝑥)

8
+ 𝐶 

9) ∫ 𝒙𝟐𝐬𝐢𝐧(𝒙)𝒅𝒙 

= −𝑥2cos(𝑥) + 2𝑥sin(𝑥) + 2cos(𝑥) + 𝐶 

10) ∫ 𝒛𝐬𝐢𝐧𝟐(𝒛)𝒅𝒛 

=
𝑧2

4
−
𝑧sin(2𝑧)

4
−
cos(2𝑧)

8
+ 𝐶 

11) ∫ 𝒙𝐥𝐧√𝒙 + 𝟐𝒅𝒙 

=
1

2
∫ 𝑥ln(𝑥 + 2)𝑑𝑥 

=
1

2
[
𝑥2 − 4

2
ln(𝑥 + 2) −

𝑥2

4
+ 𝑥] + 𝐶 
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12) ∫ (𝒙 + 𝟏)𝟐𝒆𝒙𝒅𝒙 

= 𝑒𝑥(𝑥2 + 2𝑥 + 1 − 2𝑥 − 2 + 2) = 𝑒𝑥(𝑥2 + 1) + 𝐶 

13) ∫ 𝒆𝟐𝒕𝐜𝐨𝐬(𝒆𝒕)𝒅𝒕 

let 𝑤 = 𝑒𝑡 ⟹ 𝑑𝑤 = 𝑒𝑡𝑑𝑡 

= ∫𝑤cos(𝑤)𝑑𝑤 = 𝑤sin(𝑤) + cos(𝑤) + 𝐶 = 𝑒𝑡sin(𝑒𝑡) + cos(𝑒𝑡) + 𝐶 

14) ∫ 𝒙𝐥𝐧(𝒙𝟑 + 𝒙)𝒅𝒙 

=
𝑥2

2
ln(𝑥3 + 𝑥) − ∫

3𝑥2 + 1

2(𝑥2 + 1)
𝑑𝑥 =

𝑥2

2
ln(𝑥3 + 𝑥) −

3

2
𝑥 + tan−1(𝑥) + 𝐶 

15) ∫ 𝒙𝟑𝒆𝒙
𝟐
𝒅𝒙 

let 𝑤 = 𝑥2 ⟹ 𝑑𝑤 = 2𝑥𝑑𝑥 

=
1

2
∫ 𝑤𝑒𝑤𝑑𝑤 =

1

2
(𝑤𝑒𝑤 − 𝑒𝑤) + 𝐶 =

1

2
𝑒𝑥

2
(𝑥2 − 1) + 𝐶 

16) ∫ 𝒙𝟐𝐬𝐢𝐧(𝟏 − 𝒙)𝒅𝒙 

= 𝑥2cos(1 − 𝑥) + 2𝑥sin(1 − 𝑥) − 2cos(1 − 𝑥) + 𝐶 

17) ∫ 𝒛𝐬𝐢𝐧𝟐(𝒛)𝒅𝒛 

=
𝑧2

4
−
𝑧sin(2𝑧)

4
−
cos(2𝑧)

8
+ 𝐶 

18) ∫ 𝒙𝐥𝐧(√𝟑𝒙 + 𝟏
𝟑

)𝒅𝒙 

=
1

3
∫ 𝑥ln(3𝑥 + 1)𝑑𝑥 =

1

3
[
𝑥2

2
ln(3𝑥 + 1) − ∫

3𝑥2

2(3𝑥 + 1)
𝑑𝑥] 
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=
𝑥2

6
ln(3𝑥 + 1) −

1

6
(
𝑥2

2
−
𝑥

3
+
1

9
ln|3𝑥 + 1|) + 𝐶 

19) ∫ 𝐜𝐨𝐬(𝐥𝐧𝒙)𝒅𝒙 

=
𝑥

2
(cos(ln𝑥) + sin(ln𝑥)) + 𝐶 

20) ∫ 𝒆𝟐𝒙𝐬𝐢𝐧(𝟑𝒙)𝒅𝒙 

=
𝑒2𝑥

13
(2sin(3𝑥) − 3cos(3𝑥)) + 𝐶 

21) ∫ 𝒙𝐬𝐢𝐧(𝒙)𝒅𝒙 

= −𝑥cos(𝑥) + sin(𝑥) + 𝐶 

22) ∫ 𝜽𝐜𝐨𝐬(𝟑𝜽)𝒅𝜽 

=
𝜃

3
sin(3𝜃) +

1

9
cos(3𝜃) + 𝐶 

23) ∫ 𝒙√𝟒𝒙 + 𝟐𝒅𝒙 

=
1

10
(4𝑥 + 2)

5
2 −

1

12
(4𝑥 + 2)

3
2 + 𝐶 

24) ∫ 𝒙𝒕𝒂𝒏−𝟏𝒙𝒅𝒙 

=
𝑥2

2
tan−1𝑥 −

1

2
∫

𝑥2

1 + 𝑥2
𝑑𝑥 =

𝑥2

2
tan−1𝑥 −

1

2
(𝑥 − tan−1𝑥) + 𝐶 


